THE ELLIPTIC INTEGRAL IN ELECTROMAGNETIC THEORY®

BY

ALFRED GEORGE GREENHILL

The analytical complexity in the reduction of the elliptic integral in electro-
magnetism, as well as in most dynamical problems, arises in consequence of the
appropriate integral of the third kind being of the circular form in LEGENDRE’s
terminology, and the elliptic parameter of JAcoBI is then a fraction of the
imaginary period.

The expression of the integral by the theta function would imply then a
complex argument, and a table of the theta function would not be of complete
utility unless made a triple entry table.

‘When required in a problem of electromagnetism it is the complete third
elliptic integral which usually is sufficient for a solution, and this, as shown by
LEGENDRE, can be expressed by elliptic integrals of the first and second kind,
complete and incomplete ; and for these the Table IX of LEGENDRE provides
the material for a numerical evaluation.

As an important application we may cite the calculation of the mutual indue-
tion of two coaxial helices, employed in the ampere balance designed for weigh-
ing their electromagnetic attraction by the late Viriamu JoNES and Professor
AYRTON, and so arriving at an independent determination of the electrical units.

The present investigation was undertaken in the lifetime of Professor Viriamu
JONES, with the object of exhibiting the result of his complete third elliptic inte-
gral in its simplest form, suitable for immediate numerical computation, and
also to reconcile the conflicting notation of different writers on the subject by
adopting MAXWELL’s Electricity and Magnetism as the standard.

Incidentally the quadric transformation of LANDEN is required here so fre-
quently that a digression has been made on the theory, and an elucidation sub-
mitted of its essential geometrical interpretation.

The references in the course of the work will be chiefly to —

MAxwELL, Electricity and Magnetism.

WEBSTER, Electricity and Magnetism.

GRrAY, Absolute Measurements in Electricity and Magnetism.

CayLEY, Proceedings of the London Mathematical Society, vol.6.
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Viriamu Jones, Philosophical Magazine (1889), Philosophical
Transactions (1891), Proceedings of the Royal Society (1897).

MincriN, Philosophical Magazine (1898), (1894).

BurNsIDE, Messenger of Mathematics, vol. 20 (1891).

Coleridge FARR, Proceedings of the Royal Society (1898).

NaGaoka, Journal of the Tokyo College of Science, 16 (1903).

CorriN, Rosa, and CoHEN, Electromagnetic Integrals, Bulletin of the
Bureau of Standards (1906).

Alexander RUsSELL, Magnetic Field of the Helix, Philosophical Mag-
azine, April, 1907.

Notation and preliminary theory.

1. The elliptic integrals of the I, II, and III kind (abbreviated in the sequel
to I. E. I.; IL. E. L.; III. E. 1.) are composed of differential elements of the

form

ds ds 1 ds
@ ve =y ey
(2) S=4-3—38,-38—8,-8—3, 8,>8,>3,;

but for analytical simplification it is convenient to normalise them to zero degree
by an appropriate factor, so that the elements may be written

V (s, — 8;)ds s—o ds  3vE ds
®) V8 V(e —s)V8  s—ayh

4) 2=40—8-0—80—3;

and in the circular form of the III. E. I. the expression X is negative and the
normalising factor is changed to 3y/( — 2).

The same normalising is required with the elementary circular or hyperbolic
integral which arises when § is of the second or first degree, in consequence of
s,, or 8, and s, being made infinite, so that we take

) S=4-3—38,"s—3s, or 418 —s,;

and the integral corresponding to the III. E. I. becomes

V(8,—0c-a—3) ds _ _1\/ ._sz_j_z_r.s—-ss>
(6) f s—o 1/(4-3—32-3—-33)—tan c—3, 8—3s,)’

V(8,—0) ds . _1\/8——83_ _1\/3'—33
M f 8—o 1/(4-3—33)_sm s o tan 8,—a’

with corresponding hyperbolic-logarithmic forms.
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The standard III. E. 1. adopted in the sequel is written

f%l/(— 2) ds

® s—o v&’

in which the sign of Z is to be changed in the infrequent case which arises when
the hyperbolic-logarithmic III. E. L. is to be employed ; and it is preferable to
keep to this form of the integral of an algebraic function, and to settle the
sequence of magnitude of

T, 8, 8, 8,, S,

before proceeding to a reduction in the notation of WEIERSTRASS, JACOBI, and
LEGENDRE to their standard form, if requisite for comparison.

In an electromagnetic application it is the complete III. E. I. which gives
the solution, and then the limits of integration are o, s,, 8,, 3,, —o0 ; and now
the great theorem discovered by LEGENDRE (Fonctions elliptiques, 1, chap. 23)
enables us to express the result by incomplete integrals of the I and II kind,
the I. E. I. and II. E. L, on which a digression is made at the outset.

2. The jacobian quarter periods, A and XK', are defined by the complete
integrals

— =4y (s, —8;)ds '_fma V/(sl_s-’.)da-.
(1) K— 81, 83 VS ’ K - 82, —® '/(_z) ’

and the incomplete integrals may be written

V(8 —8;)ds , V (8, — 8)do
(2) LK = o VS ’ JK -f—m I/( )

where % and f* are real proper fractions defined by the ratios

oo, 8 o, 83 ds 1, O 81, 83 dg-
®) h=fw -] e f=£_: sy

In the jacobian notation

4) r=32T% g hT%
8, —8, 8, — s,
and when
0 >8> 8, or 8, >8> s,,

8—8 8 —s
) sn?hK =12 or

8 —s, 8, —8

8§ —3 8,—8
(6) en’ A K =——, or A

8§ — 8, 8, — 8,
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sz s, —s

8-—-8 8§, — 8

) dn’ A K =
while with

8$,>0c>s, o $>0>— o,

) G i H— %

®) s’ fK' = 5= or Pyt

2 ,_0‘—-—82 83—-0'

9) en’ K =5=s, or 5= o
oc— 8 8. —

(10) dn?fK =2""8  or 2”7

$— 8 8 —o0

It is the advantage of the use of the fraction % or f of the period A or A
that the corresponding modulus % or % is indicated thereby and need not be
written down.

In the notation given already in equations (2) the incomplete I. E. I. can
be written

an e ™ ]/(811/_;5’83)d8=sn_1\/%—:_?’ sn—l\/‘*_—_"

3

- "o 1/(8 3)ds —1 $—8 _1\/81_82,
(12) (1—-h)E= o s = sn 5—_:;, dn —=3

and for the complementary modulus %,

. ey (s, — 8,)do _1\/3,—0- _\/31—33,
(13) fK ——f 1/(_2) = 8Sn g_—s, sn 1 TSI—;‘?,

v 0y —® 2

, 18y/ (8, — 8,)do o, |e—s, , [ss—0
14) 1 -1HHK' = - (1/(—2) _snl\/o__33, sn~! s—o
3. Besides the first elliptic integral (I. E. L.), given already in §2 (1), (2),
(11), (12), (18), (14), we shall require the second elliptic integral (II. E. I.)
complete and incomplete.
The jacobian zeta function which expresses the incomplete II. E. I. may be
efined by the standard integral

¢ 8 —8
@ L V(5= %) e=

or

f dn? K- Kdh — E am hEK = hH + m hE,

o a-_s

(2) L vV (8, _33) V(= 2)—[ dn’fK’ - K'df = E am fK'= fH'+ zn fK;
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where zn » in GLAISHER’s notation denotes the jacobian function Zu; also
H and H’ denote the complete II. E. 1. to moduli % and %', defined by

1 1
3) H= f dn*hK-Kdh, H'= f dn? fK - K'df,
0 0

corresponding to A and K, the complete I. E. I.

The letter H is used instead of the usual Z, as £ will be required for the
quadric transformation.

With GLAISHER’s notation

4) zsu=znu+%&logsnu,
the incomplete II. E. I. in the regions

0>8>8>8>8>8,,
is given by
5 ] 28, — s V(s,—8,)ds
%) fl/(s—s)l/S , §—8, VS

= — (1—h)H + 28 LEK;

(6) f‘/(s _8: ) ___ — sz :l:s': V(sll/—;s)ds =-(1—-7L)(H—k'2]f)+zs hE .

m fl/(s—s)l/S fs—s I/(S—Ss)ds (1= A) (K H) 4 13 A K

8§—38

the integrals being infinite at the upper limit s = oo, or the lower limit s = s,,
where & = 0 and zs AA is infinite ; and so also

8 =tg—s, V(8,—8)ds (™% s8,—s ds
®) 8—8, vs ., 1/(3 —3,) VS

8, 8 83,

—hH 4+ mhK, (1 —h)H—mhK;

fs—sl V(s,—s)ds 8,—s8 ds
9) s—s, v8 T JV(s,—8)VS

=h(H—k"K)+mhK, (1—h)(H—k"K)—mhiK;
(

8,— 8, V(s—ss)ds_ s—s,
(10) fs-—s fV(s-—s);/S
=WK—H)—mhK, (1—h)(K—H)+mhK.

Similarly, in the regions

8§, >0>8,>8>0> — 0,
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e 8—a 7% 8—8,V (8,—8,)do
11) Jo » Vo= V( 2) 8= V(=Z)
=f(K’—H’)—zan', A—f) K —H")+mfK's

c—s, do g 8,— o V(s,— s,)do
azy J Ve—sy =5 ~* [Ty
—f(H =K +mfK, \—f)(H —I*K')—m fK;

c—3s, do _ 8,—a V(s —8)do
(18) ft/(sl—ss)l/(—z)_fsl—v V(=2)
=fH'+mfK', (1—-f)H —mfK';
7 8,—8, V(sl—sa)da_ s 8 —0 do
14 j,: 8—0o V(—2) -j: V(8 —8)V(—Z2)

= (L—f)(K' —H') + 2K "3

k
(15)

2 (85— V(8,—s;)do f 8,— 0 do
si—a V(=2) J V(8—8) V(—2)

=—(1—f)(H — K'Y + (K",

8,—o V(8,—s,)do s,—¢c o
(16) fsl—v v(=2) _fl/(s—ss)lf( 2)

=—1=f)H +zfK";

these integrals (14), (15), (16) heing infinite when the upper limit o =s,, or
the lower limit ¢ = — o0, where /= 0 and zs fK "' is infinite.

Putting A=1 or f=1 in any of these forms will give the corresponding
complete II. E. I., noticing that zn A’ and zs K~ are zero.

4. The incomplete III. E. I. requires the theta and eta functions of JacoBi,

and BURKHARDT has given in his Elliptische Functionen, §126, a method
of approximating rapidly to the numerical value for given elliptic argument.
" But in the circular IIL. E. L. this argument will be complex of the form
hK + fK'i, where & and f are real fractions, so that great care will be required
with BURKHARDT’s method in separating the real and imaginary parts of the
theta function.

When f, however, is a rational fraction,

(1) f=%a %" 1][,%‘""»

a quotient of theta functions, such as
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. O(hK +fK'i)  ©0@(hEK+fK'i)
2 BRE—fE3)’ LR OFKT

can be expressed algebraically by elliptic functions of 2K ; a collection of the
simplest results will be found in the Philosophical Transactions (1904),
under the title, Ze third elliptic integral and the ellipsotomic problem.

5. Make a start now with the complete circular III. E. 1.

= Ly/(—3) ds

@) A, B= s~o VA’

41, %3
in which the quantities range in the order of magnitude
2) 0>8>8>0>8>8>8>—00

and this integral (1) is by LEGENDRE’s theorem to be expressed by incomplete
integrals, 1. E. I. and II. E. 1.
Provided with the notation above we shall find in the sequel

®) a=[THED R (- p) - Km K,
@ B f HED D ynpt Kasr
(5) A+ B= 3.

To calculate the numerical value we have to determine the co-modular angle 8
and the amplitude angle of ¢ from the relations (2) and (8), § 2,

(6) sin? @ = &’ = ':—1—:—:: , sin’¢p= :11 : :2
and then from Table IX of LEGENDRE

@ f=Fp+F(in),

©) m fK' = B$ — FE(}m),

9) K=F(3m, k).

The result in the Weierstrassian notation is given in SCEWARZ’s Formeln,
§§ 59, 60.

The relation in (5) is the equivalent of MINCHIN’s equation (21), p. 212,
Philosophical Magazine, February, 1894 ; it is proved immediately by the
substitution
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$,— 838, — 8
(10) (s —& Y )

in A4, (1), which leaves ds// S unaltered except for sign, but changes the limits
from oo and s, to s, and s,, and thus makes

o2 tv(—=2 d
(11) A=f I
83 _—3——33__0-'*‘33
12) 4+B= V(=2 s)(m=8)—(s—8) ] d

[(8,— 88, —8)—(s—80—38)](a—5) V8

_00_1\/ G—8,°8 —8:8,—38
O N — %) (5 —5,)— (s—,)(@—3,) (9 —5)

s 1 $,—0'0—8,"8§—8
= sin \/[(sl—83-82—33)—(3_83)(”—83)](”_s)

$v(=3)vS J'=tm
[(s,— 85 8,—8)—(s—8)(oc—)](a—3)],

6. In the arrangement

= % sin~!

@) ©>8>8>8>8>8>0> — o,

there are two remaining forms of the complete circular III. E. I., namely

3 yV(=2) ds |
@) ¢, D= f et
and we shall find
3 d
@) c=] %1.9/(—0)1/; Ko fK —in(1 —f),
T

where in Glaisher’s notation

cnudnw d d
%) Z8u=znu + p—— =znu+zq—‘]ogsnu=g&log}lu,
and also
(6) zcu=znu+;lzlogcnu_—zs(K—u),

) zdu=znu+%logdnu=—zn(](—u),
Thus
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(8) —C+ D=}mw,

which can be proved independently in the same manner as (12) § 5.

Hence we can write down the expression of the complete III. E. I. of the
circular form, for any assigned region of s and o, the result involving a zeta
function to the complementary modulus; and this zeta function is an algebraical
function when £ is a rational fraction ; the formula for the simplest fractions is
given in the Philosophical Transactions (1904).

7. We have seen how A4 and B change place by the substitution

8 — 8,8, — 8.
@) (s—sa, e 33_;3 —*"),

and the same substitution interchanges C'and D.
So also 4 and C or B and D change place by the substitution

8, —S8,°8, — 8
9 s—s 1 2 %1 3 ).
@) b AR

while the substitution

s, — 8,8, —8
3 _ 2 175 3
( ) (3 i $— 8 )

interchanges 4 and D, or B and C.
8. Two more forms are required to finish the series of the complete IIL E. L.,
when it is finite and the parameter is a fraction of the real period, namely,

_ »1y2 ds
(1) E—I]s: S_:_G'I/—S=Kzan,
(2) F= 2%—1%—5—;=Kzsklf,
in the arrangement *
3) 0 >8>8>8>0>8>— w0,
with

@) h=f+f:%, g
5) f=f;—:—j:%.

(LEGENDRE, Fonctions elliptiques, chap. 23 ; CAYLEY, Elliptic Functions,
§§ 178-186.)

9. The proof of his theorem that the complete III. E. I., circular or loga-
rithmie, can be expressed by the I. and II. E. I. is given by LEGENDRE in
Fonctions elliptiques, chapters 23 and 24, and is reproduced in CAYLEY’s Elliptic
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Functions, chap. 5. We can abbreviate the demonstration considerably, and
avoid also all introduction of an imaginary in the discussion of the circular form
expressed by A, B C, and D by means of the simple lemma

d 3v~8 d 3 (-2
R

§~ao

@) VS

proved immediately by performing the differentiation.
Integrating with respect to the elliptic differential elements ds/y/.S and
do[v/(— Z) beween the limits s,, s, of s, and o, 3, of o,

do  ds d 3v8 ds do dil/( 2)

f V(—E)VSI/Sdsa—s f v8v(= 2)‘/( 2% —_
" (VS 3vV(—3) ds

® - (a—s) V(= z)‘”’)*f = Z5 B)

=ff(o‘—s)l/—,sg 17’“12—)’

in which the variables are separated, so that

B = ff("' 83)1/81/( ) [f(s 3)1/81/( )

—Kf l/er--s do — K’ 2 §—s, ds

3) (8 —38) vV(—2) w V(8 — 5 —2) VB
=K(fH +mfK')—fK'(K— H)
= }nf+ K= fK',

by reason of LEGENDRE’s relation

@) ff (o — s’viw( sy=KH' + K H— KK’ =,

derivable from the relation in (5) § 5, and utilising theorems (13) and (10), §3.
Taking the limits of s as s; and s gives a more general theorem

nty8 do *3v(—2) ds
j;a-—sl/(—z)_*-“ o—s V&S

_8—38 ds

o —s, do ,
(8) =”Kf, 1/(31—83)1/( z)“fK 1/(8—33)1/5’
=hK(fH' +m fK')—fK' [M(K— H)—m hK ]
=4whf+hK m fK' —fK z hK,
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connecting incomplete III. E.I’s., as in LEGENDRE’s equation (i'), p. 133.
Putting 2 =1 gives B as before; and putting /=1 leads to a new theorem

“3vS do ,
(6) f sy~ imh— K mIE.

10. When A is deduced in this manner we must keep clear of 8 = oo by
writing the lemma (1), § 9, in the form

B

do s— s—a 88—, §—3,

in which at
@) s = o, 1imit(il/—‘§_ M) —o.

8§ —0o 8— 8,

Integrating between the limits s, o of s, and s,, o of o, we have

@ [BEDL ,j(f;'ff~fff,)y<‘i"z>

g
_ff( 81—83-82—83)_d_8_ do
= T ST T e, Vv8V(=3)

(in which the variables are separated)

c—38 do , 8, V (8, —8,)ds
Bl A e b B CROE B e

=hE[(1—f)H —mfK'] — (1 —f)K' [h(K— H)—m K]
=}mh(l—f)— A m fK' + (1 —f) K’ m hE,

utilising the theorems in (13) and (5), § 8.
Putting s = s,, A =1, gives the result for 4,

@ 4= [EER e [ [ (==t ) v e

and this by the substitution (10), § 5, is equivalent to

4 d do
) A=L j:(a_s)l%g'/———(_z),
while from (2), § 9,

o e [t
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1 ds do
or from (12), § 5, and employing (12), (9), § 3,

ds do
o e fflmnrnmad by
=K(H —K') + K'(H—¥"K);
and thus LEGENDRE’s relation is proved.

Putting f=0, o = s, in (3) gives a new theorem,

11y S do
® ), s=evi=2)

employing (5), (6), (7), § 2, and (4), § 3, or (5), § 6.
11. For C, integrate lemma (1), § 9, from s to oo and ¢ to s, in the form

(1) -— V(_Z)im + I/Sds(%l/s %I/S) —-83—0'-]-81_83’82_83,

do s—o §—ao 88— 8 —s,

—jrh+ K’ mhEK4+ K \/L”—— yrh+ K s hK,

—8,-8,—8,

"3V (=2) ds “(%VS %VS) do

A s—o vS8S~ s—o s—g 17(_—_2)
ds do
—ff(s“’* P )vsw—z)
_ $—a do , 8,V (8,—8,)ds
@ [ s UK [

=hK[ssfK' —(1—f)H']+ (1—f)K'[A(K— H)—zm h K]
=—3}rh(1—-f)—(1—=f)K'mhK+ kK2 fK’,
employing (16), (10), § 3 ; from which C is deduced by putting A=1,s=3s,,
®) O=—jm(l—f)+ EnfK".
In D we must keep clear of o = s, by writing the lemma

%‘/( 2) %1/("2)) Sd ‘}VS s 8,—3,"8,—8

=8
§ —0 81—0'

@ V(=3

VoG s—a =TS s, —¢

and then integrate it between s, and s, — o and o, so that

f‘(%r’(—z) W (= 2))1/8 S _ do

s—o I d w8 — 0V (—2)
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do
’ 2
®) =K [t S [ - ) sy
=fK'(hH+mhK)—hK[f(K —H')—mfK']
= }mhf + fK' s hK + hK zn fK',
employing (8), (11), § 3.
Put =1, s=s,, and we obtain by means of (8), (9), (10), § 2,
6) D =juf+ K fK' + K\/ T=% 9% _tnf4 KasfK'.
8, — 08 —8
12. To obtain £ and F, write the lemma
d 3v= 3vS 3V S\ 8—8-8,—s
M) v2gee= +'/Sds( -0 s—s) 8 — 8, F—o s,

and integrate between s, oo and s,, o; then

“3vEds (;;/S %VS)VE

s—ay S $s—o S§s—38

8, — 8, v/(8 ——83)d8 c—38,
2) _fos—s: hKf;/(s —33)1/2

=fK[h(K—H)—mhK]—hE[f(K—H)—zmfK]
= hK m fK — fK m hK,

employing (10), § 3, and thus connecting £ and F'; for =1, s = s,, makes

@) E=Km/K,
and f=1, o =s,, makes
4) F= KznhK+K\/————=KzshK.
83— 8,8, — 8
18. With s, and s, conjugate imaginary, and putting
@) 8, — 8,8, —8,=M?
v Mds v Mds
@ K=f,, B2 "K“f, RZ
, 2 v Mdo , s/ Mdo
® =lvesy ) vewy
and then
1 —cn2LK 4 sn 2AK dn 2A K
—_8, = P — = M?
4) s—s=Mirvour VS=Y'Gimary’

Trans. Am. Math. Soc. 31
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—ecn 2fK 4 sn 2K’ dn 2K’
1+e2fK’ (14+em2fK') °

in which 2K and fK' may be replaced occasionally by % and f in the sequel
without confusion.
Employing a formula (LEGENDRE I, p. 257),

6 1—cosdpdp 2sinPAd
(©) T+cospAp™ 1+cosgp

verified immediately by differentiation, and integrating the lemma (1) § 9,
“3y8 do ‘}(V—2)ds e ds do
j; 8—0'1/(—2)+ 8—o Ts_fﬁ(s_”)ﬁv(—z)

6) t—oc=ML— 2% V(—2)=Mi

+ Fp —2E¢,

_ ’ ‘8 — 8, V-Mds 8, —0o ]/.Mdﬂ'
= [ s K [ o
cn 2h —cn2f
10 —fo1+ th+u(f oK
_fK'(sn2hdn22hk+%hK—-—hH—zn%)

sn2fdn2f , ,
ek + MK —fH —m2f).
But when we wish to obtain the complete III. E. L., by putting s = co,
h =1, we make both sides infinite.
The infinite part must then be cut out by deducting from both sides
%l/ S da' , dn .Jl
®) s—s,vV(— 2) =¥K 'sn 24’

and now

®

+hK(

S G fff )rEs+ [

. — sn 2k dn 24
— FK (m‘zh— + 3K — kH—zn2k)

+ hK(%+ gﬂ('_fﬂ'_znzf).

Here, putting s = 0o, A =1, the first integral vanishes, and
v(—2) ds ,
ay [(HERE_wgr-m
8

+k(TLod v i~ —my)
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sn 2f dn 21
=K(H—m§f——m2f)—§7rf

= K(':z 2; 2 2f) — yuf.

Similarly with f=
8 do ., (dn2i
14. To compare B with LEGENDRE’s standard form of the III. E. I,
@) K Ay—y(1—Esiny),

b 1+ nsin’yAy’
denoted by II (n, %, x) or II, when complete, put

(2) s—sy=(s,—3,)sin’x, 8,—8=(8,—8,) cos’ x, 8,—8=(8,—8) A%,
PO hTS
8, —8 s —s,’
and then ! : ! :

_ 81—0"0'—82
®) B_\/sl—ss-a—ssf1+nsm x A =vall(n, k, x),

in which, with LEGENDRE’s notation,

_ &= _o—3s, B _s—0a
) n= c—s,’ 1-*'”'—a'—s,’ 1+n_sl—s,’
5 1 1 K\ 8—co—s
® e e R

and LEGENDRE’s II requires the normalising factor v a.
In the comparison of 4, put

8,—38 A?
6) s—e=piah  s—a=(a—a) g, e—s=(4- ,),mx
and then

g-cg—s, [ —nsin'y dy ,

M hAh \]31_33.0-_'33 1+n’sin’xAx_l/a[n(n’k’ x)—Fx]
in whic

e T8 i h—e L
(S)that ne= 8 —s,’ 1+n—‘1_83, 1+n'_a-—:,’
80

’ B 311—0"0'—82

®) (1+n)(1+77)=81_—%—.7:8—3=a,
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the same as before; also

(10) =R, H(n)+1’[(n)-—K+%7r

But in all the subsequent calculations it is best to keep clear of the standard
forms of LEGENDRE, JACOBI, or WEIERSTRASS, and to work with the IIL. E. L.
as the integral of an algebraical function of the standard form in (8) § 1.

For example we find, putting the differential element,

ds

(11) 1_/.S =du )

d’y d dy d*y aSdy.
(12) du = "5 ('/Sds) ST 13 s
and if we take

vS—vX ds
(13) logy=14% Ts—o VS
we obtain the Lamé differential equation of the second order
1a

(14) §ﬁ=2s+a’—sl—-sz—ss,

2
(15) Sd:{ gdey (25 + 0 —s8 —8,—8)y=0.

Then the function
d
(16) 2= 5 (y6%)
leads to the Lamé differential equation of the second order
1 2

(1 ;%—=63-—3a—sl—s,_s3+3x=,
provided that
(18) AV —A(8c—s —8,—8,)—vE=0,

the spherical pendulum relation.

Landen’s Transformation.

15. It will be convenient at this stage to collect together all the formulas of
Landen s transformation of the second order, required in the sequel, adopting the
notation employed previously for the elliptic argument, 2K denoting an argument
to modulus £ and K" to modulus %, 4 and f denoting real fractions, as thereby
the modulus is indicated in the notation and need not be written down.

Without this it will be difficult to reconcile the notation of different writers
on this subject, each adopting a method of his own irrespective of others.
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Following MAXWELL in his Electricity and Magnetism (E. and M.) § 702,
we select the LANDEN transformation connecting the new modulus ¢ and ¢’ with
k and £’ by the relation

; , 1—k 2k p_1—¢
1 C=iyr  °Tixk “14¢’
2v¢e

k=m,kc=2l/(k0), c>k, c<k,
all different forms of the modular equation of the second order, conmecting
the modular angles v and 8 shown in figures 4 and B, such that
, 1—sing BC
cosy=¢'=1 o=t (dm—18) = o
2
@ 1 —cosvy AC OC

k= Sill,8=l_cos'y=tan2%ry~=zﬁ=_oz.

Then the complete elliptic integral or quarter-period F'(}m, c¢) or F'(c) is
denoted by ¥, and F(c’) by #”, K and K’ denoting #' (k) and F'(k'); and

(3) F=(1+kK, K=3(1+¢c)F,

(4) F'=3(1+bK, K=(1+c)F,
F K’ K’ F

(5) =iz E=%F

16. The geometrical interpretation of LANDEN’s transformation is seen in
fig. B, where we may put

@) o =amhlF, o=am(l—Ah)F, x = am 24K,
(2) 0=20=x+x, 20" =7 —x+ %,
so that

3) X=3r+0—0, am 24K =37 + amAhF —am (1 —4) F,

sn 2k K =cos [amAF — am (1 — A) F]

(4) =cnkFcn(1_h)F+snszn(1_k)F=(1+c’)’m’f%:“f"£,

LANDEN’s first transformation ; and putting 4 = 0 leads to (3) §15.
Thence also
— 4 2 2 —
cn2kK=1 (1+¢)sn?hF  dn’hF—c¢

dn i F T (A=¢)dniF

diF —dn(1—A)F CQ— CQ
= 1—¢ =CA=CB~ %

(©®)
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the geometrical interpretation, since CQ, CQ, CB= CAdn (f,1—f,1)F;

(6)

o
N

A
F16. B.

1 —(1—=c)sn®hF dn*AF + ¢ QY

dn 22K =

dnh¥F T (1+c)dakF -~ 4AB°

Equation (4) can be written

1+¢1—dn2rF

™ o0 2K =i T dn 9"
and thence
@) dn 2hF—-1 — ksn?2h KK

1+ ksn?2AK°
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which is LANDEN’s II transformation, in conjunction with

(1 + k)sn 24K

) 2 = O E
cen 22K dn 2R KK
(10) cn 2hF= m o

These may also be written, replacing 24 by %,
(11) snhF=3}v(1+4+sn2hK-14+ksn2hK)—% v (1—sn 2hK-1—Fksn 2hK),
(12) enhF=3v(1+4sn2hK-1—Fksn 2hK)+ 3V (1—sn 2AK -1+ ksn 20.K),

dn2kK+kcn2kK_ 1—%
1+k " dn 2K —kcen 2R K

dn 2hK + ken 24K
\/1 T% \Ndn2hK —ken 2hK"

dn A F =
13)

17. The associated transformation of the complementary period K’ or F” can
now be written down and interpreted geometrically in fig. A where

(1) y=amfF', p=amfK’, ¢’'=am (1—f)K", 2p=A+Y', m—2¢'=¥—¥',

and as in LANDEN’s II transformation in (11) § 16,

sin g =sin 3 (¥ + ¥') = $1/(1+sin ¥ -14sin ¢')—}y/ (1—sin ¥ 1—sin ),
sn fK = 3v(14sn2fF'-14c'sn 2fF")—3 v (1—sn 2fF’-1—c sn 2fF")

2 _(1+)smfF
T 14 fF’

as in (9) § 16 so that /= 0 leads to (4) § 15;
on fK' =3v (14sn 2fF -1—c'sn 2fF")+4v (1—sn 2fF" 1+¢ sn 2fF")

@) en fF dn fF’
=1+ s fF’
, 1—=csn?fF  dn2fF’ + ¢ en 2fF’
dn fE = 1+ fF = 1+¢
4
® 1-¢ 1—¢ |dn2fF" + ¢’ en 2fF"
Sdn2fF —cden2fF ~ N1+ ¢ \Ndn2fF — cen 2fF”

and, conversely,
) sn2fF’=(1+k)san’can, 1+% j1—dn2fK’

do K7 ~ N1—=kN1+dn2/K"
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derivable from (2, 3, 4), and the geometrical interpretation of

6) v=3ir+¢—¢, siny=cos(p—9¢), cosy=sin(¢—3);
1—(1+Fk)so’fK’ dn? fK' — £k

¥ =—qrx  —(A-hd K&
7
@ dnfK'—dn (1—f)K' _BP — BP
= T—k =BC=BC=°V
1 (l—k)sm*fK  dntfEK +k
dn 2F" = G Kk (A +k)dfE
8
® dn fK'+dn(1—f)K' _BP + BP _ PP’ ,
= 1+% =po+BO~ 0=V

the geometrical interpretation.
The two circles in figures 4 and B, linked in perpendicular planes, may be
taken to typify the magnetic and electric circuit, associated in a similar manner.
18. In LEGENDRE’s notation, the II. E. 1.

1) E(w,c)= ]'"1/(1_c2sin=w)dw=fmdm,
and the complete II. E. 1., or (4w, c) or E(c) is denoted by %, and E'(i)

by £, while as before (37, k) is denoted by H, and E(X') by H".
In JacoBr’s notation, with @ = am 2 ¥, and as employed already in § 3,

h
@) f dn*hF- Fih=EamhF=hE + mhF.
0

Squaring equation (13) § 16,

2dn22h K + 2ken 2K dn 2K — K
(T+ &7 ’

and then integrating with respect to %, there results

®) dn?hF =

. hE + mhF 2hH + zn 2hK + ksn 20K — FhE
( ) F - (1 +k)“’K ’

OhH — K°hK + zn 2h K + ksn 2h K
1+ % ’

(%) RE + zn hF =

so that, putting A =1,

OH — k'K °H

®) =% ~1+%

—(1—-k) K,
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0 Fop=2(x-;2), Eocr-H=lZBE
and conversely

E+c'F ’ ’ ’ !
so that, as in Maxwell E. and M. § 701 when corrected,
K—H
9) —(F Ey—cF=2—p— —~E
K-H
(10) 2(F— E)—cF = 41+k’
' , 1+BH—-(1-# K
(11) (1+cz)E—2c2F 4( )(1+I$:)3 )
19. Then
zn 2h K + ksn 2h K
¢)) mhF = 5% .
which it is convenient to write
(2) FmhF =Km2hK + Kksn2hK,
and conversely
sn hF en b F
3) =3FmhF —3F(1-h)F
sn 2hF cn b F
= }F zn 2R F — L} F¢? 1T da2hF

Squaring (4) § 17 and integrating with respect to f, we obtain the remain-
ing relations

,_ 2F’ -
(4) H=1+cr‘-(1—c)F,
5) g Et o mK4RE,

14+%

, 20 2fF" + ¢ sn 2fF"
®) R LRSS L
which we write
) Ko fK'=  }Fz 2fF' + }Fc sn 2fF"
(8) Km(1—f)K = — }Fm 2fF’ + 3 Fc sn 2fF",

and conversely

Fomn ofF = 2K mfK — gy SEK en fK

dn /K’
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=KmfK' — Km(1—f)K’

® 2sn 2fK" en 2fK"
, cn 2fF”
= K zs 2fK bt KW,
(10) Fon(1—9f)F =Kus(1—9%)K — Kktn 2K,

theorems required in the sequel for the quadric transformation of M, the mutual
induction of a helix and a coaxial ring.
20. Integrating (3) § 19 with respect to 4,

B®2LK OLF
(1) logw—=2logw +lOgdn]lF,
B2 LK OrF \? OLF O(1—h)F
2) 00K ~ (OOF ) Wif=GoF —eF

the quadric transformation of the theta function.
Similarly by integration of (9), § 19, with respect to f,

OYF (OFE'\'. ., OfK O(l—f)K
3) 00F = (001(’) WfE'=gx — ek

The same notation is useful for expressing the change in a theta function
and eta function from imaginary to real argument and comodulus in the form

o OEiL k) HU-3)K HKk)_ . HYE
@) —eq,z —¢ HE™ T HE k) —9 HE

where g =exp (—wK'[K). (JacoBli, Fundamenta nova, or Werke, I, p. 215;
CavvrEy, Elliptic Functions, p. 151.)
These transformations may be used for the bisection of the elliptic function;

] OLF \! ©2hK dn 24K — kon 2HK
() (®0F)=®0K 1—%
1 ®(1—2%)K &k H(1—2)K
1% @K T 1—% HK
) ®LF\: 1 O(1—2hK k& H(1—2%)K
©) (0F)=1+Ic @k  —1i+k HE
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Algebraical form of Landen’s transformations.

21. The algebraical equivalent of our first quadric transformation in § 16
is (TANNERY and MoLK, Fonctions elliptiques, formulas XXII, XXIV)

[t_ t— ‘/(tl—" byt — ta)]z

2 =
(1) m (8—81)— 4(t—tl) ’
=tV (=t t,— )]
(2) mz(s_sz)— . 4(t—t:: 2 . ’
. t—t,t—t, T

(3) m (3_33)" 4(t—tl) _16(t—tl)2’

so that the graph of a relation (s, ¢) is a hyperbola ; and

(4) 2mv (8, —8)=V (4, —t;) =V (, — t,),

(5) 2m‘/(sz_ss)=‘/(ti—ts)_‘/(tl"—tz)’

the equivalent of the modular equation (1) § 15, with %, %’ in terms of s, s,, s,,
as in (4) § 2, and ¢, ¢’ the equivalent for ¢,, ¢,, £,. Also

z_d_s_ _(t_tl)z— (tl_tz‘tx_ts)

6 n = ,
©) "t 4(t—1t,)
_(t_tl)z_(tl —t 4 — ts)
™M mv S = 8(t—1,) vT,
where
8) S=4(8—s-8—8,8s—3s,), T=4(t—t t—t, t—1,),
ds dt
) m1/S=21/—T°

This algebraical result is obtained by substitution in (4), (5), (6), § 15, of

) s, —s $—s8,
(10) sin® x = sn’ 2A K = ;_8:, sz_sz, 0 >8>8,0r 8,>8>8,
t—t, t—t,

(11) sinew= sn’AF =

. t,.
t_ts,‘or tz—tsg wo>t>t,or t,>t> 1,

In the associated complementary transformation of §18, writing ¢ and =
for s and S, 7 and 7" for ¢ and 7', the region s,> o >s, is excluded, because
o — s, and o — 8, must have the same sign; but
12) sin? =2 fK =12 g >0>— o

s —a’ 8 )
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t,—7 t,—1,
h—1 or . — L>17>¢8,0r {;>T> — 0,

18) s’ fF' = ;
1

and these substituted in (2), (3), § 17, will satisfy the algebraical relation above.
On applying this algebraical quadric transformation to our III. E. L.,

(T_tl)z_(tl'—tz'tl_ta)

(14) msl/(_z)= 8(7‘—t1)2 ‘/(_ T')’
(15) m)(s—o) = (t—17) [(t_:l()t(::l)tz-)r:(tfl)_ t,t, — )] ,
16 2mv (—=2) V(=T (G =ty t, =)V (—T")
(16) e —(T_tx)[(t"tl'T_tl)_(tl_tz'tl_ts)]
vET) vIET) v(=T)
i L T—1¢
and on putting
an P Tl S et dt du

wu—t, ' VI-TVOD

T—u
(18) (t—tl""'—'tx)_(tx_ & 4 — t3)=(tl— 2 tl_t3)u——719
so that

ag YD ds v(T) & y(=T) du v (=T) dt

s—o vS8S t—7 vT u—1 vUO t,—7 vT°

The hyperbolic graph connecting s and ¢ being drawn it shows that as ¢
increases from ¢, to oo, » diminishes from oo to ¢, and s diminishes from oo to
s, and rises again to infinity so that

*V(—2) ds ~y(=T) dt Tt T —t,\ (V(t,—t,)dt

@) = vs="), =7 vT (tl—1'~tl—t3) T
F' dn fF . ,
@) 20(/K) == 24(fF") + DL F e 417 + 0P,

But as ¢ increases from ¢, to ¢,, v diminishes from ¢, to ¢, and s increases
from s, to s, and diminishes again to s,, so that

99 2y (—2) ds “y(=T) dt T—1t, T —1, V(t,—t,)de
(22) W S—o v8 J, t—r yrt tl--r.tl—ts)f vT

3

en fF' dn fF’

(23) 2D(fK’)= 2B(fF,) + —SW,——

F=B(fF')+ D(fF").
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Making use of the expressions for 4, B, C, D in § 5, § 6, equations (21),
(28) are equivalent to the single relation

(24) 2K 28 fK = F 28 fF' + F = fF',
as before in § 19.

22. For the transformation from ¢ back to s in the III. E. 1., we take

1 t_tl__l/(s_sz)""/(s—sl) 1/("1_"‘)_1/(32'_0')
() tl_'r_‘/(s—sz)_l/(s_sl) ‘/(31_0)'*"/(32—")’

9 t_7_2 V(s—38)vV(s—0a)—V(s—8)V(s,—0)
@) t—7 [‘/(3—82)“‘1/(3—31)] [v(s,—0) +“/("2_°')] ’

[1/(31 - ‘7) + ‘/(32 - ")] [‘/(31 - 32)‘/(3 - 31)]

3 t1_7_ x[3_32)1/(3_")+‘/(s_3l)‘/(32—0)]
@ == 2(s,—3,)(s — )

—3+ V(s,—0o-s, —20(-??:a)(s—s s—s,)
@ i%,,—)ﬂm—a),

}vV(—T) dt V(s ,—0)—V(s—8-8—8,) 1/(s-—a-)ds
®) = VT"[“ = 2(s—a) ] V8

o [rED

" ts t—1 vT
_ s—a [V (s, —8;)ds W(—2)ds V(8,—o)ds
-Vsl—saj;’,a vS ) s VST i‘,f(s—cr)l/(.s—z;s)

the last integral being zero as s ranges forward and back again.
According to the region of ,

) L>T1>1,, or t,>T1>— 0,
and with

8 >0> — 0,
the relation (6) is equivalent to

-

®) A(fF) = gl — OUE),
®) — B(F)= Kty — DUE),
(10) o(Fy= g2 oy,
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, en fK' )
>11) D(fF)=K#,+D(fK),
and these reduce to the single relation

, o en fK’
(12) anfF=Kzst—Ksan/.

23. The algebraical equivalent of the second quadric transformation in (8),
(9), (10), §16, is in a similar way equivalent to a hyperbolic graph between x
and s,

. 8—38 -8—8, 38
(1) 'M(m—tl)= 8—8, =(8—83)2’
@ e e e
®) Wr(a—gy=LntV oo )]
and as in the modular equation (1) § 15,
@ My (t,—4)=vV (8, —8)+V (&~ &),
(6) My (t,—t,)=V (8 —8)—V(8,—%)-

Also Mm =1, and

.de (8—38) — (8 —8,-8,—38
(6) Mds =( s) (8(_1'83)23 2 a)’
(8—83)2—(8 — 8.8 ._33)
(7) My X= (8-:83)23 2 v S,
dx ds
®) Hrx=vy  X=tE-tm—te—t).

The region ¢, > x > ¢, is now excluded, because x — ¢, and = — ¢, must have
the same sign; but
9) sin? = en? 2R F = 1%

L —
k]
x—t

o >x>t,

(10) sin’x=sn’2h](=8’_'83 or 8———&, 0 >8>8 Or 8,>8>8;

38— 38, 8, — 8

and these substituted in (8), (9), (10) § 16 will give the algebraical result above.
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In the associated complementary transformation with o, = for s, S and
o, X forx, X,

. , 8§ —0 s, —s
1)  sin’¢p=sn’ K =_t— ST S>>, or 8,>0>— o,
1 2 1
t,— o t—t
12 sin? ¥ = sn? 2FK' = or 3t >a >, or t, > >— 00,
t—t = ! 2 3

and the algebraical relation is satisfied when these are substituted in (5) §17.
In the transformation of the III. E. I.,

18) M(x—a)= (s—0a)[(s—83-0—8)—(s5,—8;°5,— ;)]

(8—8)(a—3s,) ’
< , (0 —s8,)°—(8,—8,°8,— 8
a9 ary(-x)=lmatolamamo), g,
MV(—Xl)= -(3_33)[("'_83)2—'(31—33'32_33)]‘/(_2’)
(15) x—a (0—8)[(8—8;0—8)—(8,—88,—8)](s—0)
_v(=3) v(=%)
s—o s—d ’
where
b 88 88, v S8y 8 —0 y 88 84—
(16) a'—ss————d_ss y 0—8,= s o sl__—a—ss .
In the arrangement
aan 8 >0>s,, §,>0">s,,

”

\—0 8 —80—s, ecn’fH’

2 7 ’ _
(18) sn’ 'K’ = Fypary sl—sza—ss—dnz 7
and in the arrangement
(19) §>0> — o0, 8,>0">— o0,

2 prprr _ S1T 8 _'93_‘7_0“2./0{{_—,

(20) san—sl—O'"—sz—a—dnsz”
so that
(21) S+ f=1.

The integral relation

W(=X") dx tv(—2)ds W (=2")ds
(22) f x—© VX s—a vS~ s—ao v

is now equivalent to

(23) A(YF')=A(fK)—A(1—f)K's or =—B(fK')+B(1-f)4",
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implying the relation
(24) Fmm2fF' =KmfK —Km(1-f)K',
asin (9) §19; or
25) C(¥F')=C(fK')—C(1—f)K's or =D(fK')—D(1-f)&,
implying the equivalent to (24), when (5), (7), (8), § 17 are employed :
(26) Fas2fF' =Kz fK'— Ks(1—f)K'.
Thus in transformation I, 2% and fF" become changed to 22K and fK’, and
in transformation II, 22K and fK’ are changed into 22 F" and 2/F", a succes-

sive application being equivalent to a duplication of A#" and fF".
24. To proceed from s to by means of the II transformation, take

1) s_ss_v(w_ts)""/(w_"tz)‘K_(m,—’ts)_‘/(wl_tz)
D TV et =V (e—t) V(& —t)FV(F—1,)
s—oa V(e—t,o —t)—v(e—t, o —t,)

= V=) V(@) [V (& =) +V (& — 5]

c—8 V(@ —t,d—t)+v(e—t,x—1) 3
s—o = 2 (e —a) —h

@)

®)

@ W=2)_ yy (4 —w),

0'—83

5 V(—2) ds _ V(& =t 2 — b))+ v (e—t, - 2—t,) 1 v(t,—=')dw
) s—o v S x—x - vX

o [UEDE (X b
() A 8 —o0o 1/8— t x—x I/X

)82

+3 vV (t,—a)dx \/tl—w' >V (8 —t)d

4 (m_w’)‘/(w_tl)_ L—1t 4 vX ’

of which the second integral is 7, and the third is #¢' sn 2fF’ or F'sn 2fF",
according as
t,>x>t or {,>x> — 005

so that in the region s, > 0o >s,, t, > x>,

) 2A4(fK')= A(2fF") + 3m — Fc sn 2fF",
(8) 2B(fK')= A(2fF"') — }m — F¢ sn 2fF",
equivalent to

9 2K zn fK' = Fn 2fF’ 4 F¢ sn 2fF",

Trans. Am. Math. Soc. 32
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as in (T) § 19; and in the region 8, > 06> — 0, t,> 2> — o,

(10) 20(/E") = C(SF") — b — s
(1) 2D(/K') = C(YF') + dm — s
equivalent, as in (7) § 19, to
(12) 2K 28 fK' = F 23 2(F’ — F ns 2fF’.
25. Another form of LANDEN’s transformation may be added here; put
@) k=tha, ¥ =secha, then ¢’ = e,
(2) ¢ =thd, c=sech &, then k =e %,
and then, as a form of the modular equation of the second order,
3) (e*—1)(e¥—1)=2, sh 2ash 28 =1.
Now with @ = am A7, put Aw = th {,
sinw=§%§, cosw=1/(chth_§ch28), cn(l—h)F=§,
®) do ch 8d¢
Fdﬁ=ﬂ= ~ v (ch?§ — ch?§)’

and from (7) § 16,
6) ksn® hK = e %, sn AK = e~$+8,

In the plane 2 Oz of Fig. 4, v and w of § 24 are elliptic co6rdinates, to employ
on WEIR’s azimuth diagram ; while ¢ and Z or a are dipolar coordinates, suitable
for a stereographic projection or chart, with poles at 4 and B, in which 2¢ is
the longitude of P, 2¢’ of P’ both on latitude A, where

(6) sinx=th2a, cosA=sech2a, tanA=sh2a, tanjr=tha=5%.

‘We can put, for the conformal representation of the stereographic projection,

) z+xi=atan (¢ + i),

8 @ sh 2a 2 sin 2¢

®) e=ch% foos2$’ o ohZat cos 2’
9 PA,PB 7,7, e**

®) a = a ~y[3ch2atcs2d)]’

and if OPP, is a straight line
10) ¢+ ¢, =3m.
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But if APP” is a straight line
(11) v+ =m,

and yr, ¥ are biangular codrdinates of P, so that "= am 2(1 — f) F"’, with
the value of ¥, ¢, ¢" in (1) §17; also

a(l—k) a(l+ k)
n__o(1—Fk) , a(1+ic)
2
(14) 00-00’=a==032, PB-BP — OBz(lk'“)
(5) 0C'=3, O0C=adk, 0'B=a(%—l>, BC=a(1—k).

Coefficient of mutual induction of two coaxial circles.

26. Apply the preceding method to MaxweLL’s § T01 (E. and M.). The
mutual induction of a short element of wire at P perpendicular to the plane
APB of fig. A and of a circular wire on a diameter A B in the perpendicular
plane of fig. B, is, for the arc 4 ) where AOQ =4,

) cose 0 acos (m— 0)do

PQ = b V(@ + 204 cos 6 + A* + b%)’
an integral composed of incomplete I and II. E. I’s: and this must be inte-
grated round the circle 4 () B to obtain the vector potential G at P perpendicular
to the plane A PB ; and then multiplied by 274 to obtain M for the two circles
in parallel planes.

According to our method of leaving the algebraical expression intact, we first
substitute

@) PP =a+2ad cos 6+ A* + > =m?(t, —t),

and supposing ¢ = ¢, and ¢, at 4 and B, where § = 0 and =,

(8) PA’=ri={a+A)}+V=m'(t,—t,), PB'=ri=(a—A)+b=m?(t,—t,),
P —r;=2aA4(1 +cos ) =m?(t,—t),
r} — P =2aA4(1—cos0)=m*(t—t,),

)
so that
5 4aA cos 0 = m*(t, + t, — 2t), P —rl=4ad =m?(t,—1t,),
J 1 2 2 3
h—t_, 2v (ad) t,—t,
Q) __\/t—t € r _\/t,v—t.,‘:c’

1
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(1) 6= 2w—2tan“\/z — 0= (tz__dtt.t_ts)’ ;‘?Q':le/(?/_]tvs)dta
2 2mrad cos (m — 0)dl 4 2 —t, —t, di
®) e ro = sy
_4’"°f t—t, g, b= (VG —t)dt
v (¢t —t)1/T lt—t vT
and then by (10) § 3 and (1), (4) § 2,
9 M=2mr [2(F—E)—¢F],

as in MAXWELL, with the original sign changed ; and by the quadric transfor-
mation employing (10) §18

K—H K—H
10) M= 81rr11—+7= dm(r,+ 1) (K—H)= SWV(aA)—I/T,

doubling MAXWELL’s original result, and to be divided by 10° to bring it to
henries.

MAxXwELL’s modular angle « is now seen to be AZB in fig. A4 where AE is
the tangent from A to the circle on the diameter C'C’, where P C, P (' are the
bisectors of the angle APB; and then BE is at right angles to 4B, so that
A, B being limiting points of this circle

—_—.——_2—- /
1) CSY= gt ="p4= c.

Putting £ = sin B, so that 8 is the modular angle of the period K and K’,

(12) sng—n AC-CB_0C_ AC
ri+r, AC+CB 04 AC"

so that B is the angle O C’D in fig. B where CD is perpendicular to AB, and

C’D the tangent at D.

27. A geometrical interpretation can be given in LANDEN’s manner of these
transformations in the plane 4 QB of the circular disc or wire in fig. B, as
well as in the perpendicular plane APB of fig. A, in which PC, PC’, the
bisectors of the angle 4 P B, are axes of the elliptic cone whose vertex is P and
circular base 4 QB.

The point # in fig. A where P C' meets the axis of the circle A QB is the
center of a sphere of which C and P are limiting points, so that PQ/QC is a
constant ratio.

Now, @ denoting the angle AB@ in fig. B,

@) P =rlcos’ w + rlsin’w,
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and at D, where PDC'’ is the tangent plane of the cone,

ocC r,—1,
cos2w=—'0—B'=—rl+rz,
@ ) r
2 — 2 e 2 — 1
COS’ w—?'l+1'2’ sin w—rl+r2,
2
(3) ABD=am%F, PD2=rlrz, CD*= AC - OB = 47’1’"2(1 .,
(r+17y)

so that, round the circle 4QB,
PQ PD r+r,

®) QC=DC~ %
and so also

PQ_rl—rz QC r—r,
®) QC’' ™ 2a Q0'=rl+r2_k'

On fig. B the angles QCA, QC’A or CQO are denoted by y, x’', and
QBA, ¢BA by o, »'; and we put, as in § 16,

(6) x = am 2K, w =am iF, o=am(1l—-A)F,
0 PQ=rdnhF, CQ=_""" aniF— CAdnhF,
7‘1+7‘z

and then, since O0QC = x’', OQC " = x, sinx' = ksin x, cos ¥’ = dn 2K,
B CQ,CQ =acosy *+akcosy=a(dn2~hK =+ ken2kK),
9 PQ,PQ =3(r+r,)(cosx £kecosy), PQ-PQ =nrr,

10) QQ =2acos y' =2adn 2K,
1) sinx=f‘gi—5g=(rl + rz)si‘;;}‘(’zﬁﬁ’,
12) (7, + r,)? cec® x =7} cec’ w + 7} sec’ w,
(18) (ry+ 1) z%;=rleotw—rztanw,
(14) (ry+73) %(i);—?%=rl cot w + 7, tan o,

(15) sin’ @ = } (1 — cos ) = % (1 + sin x sin " — cos x cos x'),
(16) sino=3%v (1 +siny-1+siny’)—34v (1l —siny-1—siny’),

etc., the geometrical equivalent of the LANDEN transformation in § 16.
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28. In the transformation of M to MAXWELL’s second form in § 702, we
notice that, from elementary geometrical considerations,

1 add  dx add  2a¢ dy
M CQ cosy”’ PQ r +r,cosx

, siny'=ksiny, cosyx =Ay,

fz"—27raA cos 0df —8mad f
M= TR A eos(X_I-X)cosx

8mad k sin?
@) =7'1+7‘2f( cosxx cosx)dx
8mad [ (1— Ay
=rl—rzj;( A ——kcosx)dx=47r(rl+rz)(K—H).

Hence another method in place of MAXWELL’s § 702 for drawing the lines of
magnetic force M = constant, employing WEIR’s Azimuth Diagram covered by
confocal conics for which » =+ r, is constant.

Denoting WEIR’s hour angle by a and latitude atgle by A, then
”, 2a M K-H

. _rl__Z o s A=A
8) sina= P cos A = ) k =sin acos \, 8ra = cosh "

Supposing the curved line C’PC” in fig. 4 to represent for a moment a line
of magnetic force of constant M, starting from €' where A = 0, and orthogonal
to the lines of constant (2, such as those shown radiating from 4,

. M
4) k=sina, %=K—H.
At C’ where a = 90°,
M K-H
(5) k= OOS)., —8’7_1'71=—]C__.

To find an intermediate point P on CP C’ assume an arbitrary value of &
and K — H, less than the value at C, and calculate A and a from the relation

M

(6) cosk=(K—H)—:-%,
k M K-—-H
(7) Slna=ﬁ_%v—7—

We thus require a table of K — H and (K — H)/k, say for every five
degrees of the modular angle 6 =sin~k; the work of redrawing MAXWELL’s
figure XVIII of the lines of magnetic force for a circular current is being car-
ried out on this method.
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The meridians and parallels of latitude of a stereographic projection on fig.
A, with poles at 4 and B, will map out the electromagnetic field of a straight
current through 4 and the return through B perpendicular to the plane, by
means of the longitude for magnetic potential, and then M = 2a =log (7, /r,).

29. Putting cos 6 = ¢, the algebraical form of the quadric substitution is

2 qin2
@ y or ;z/—y‘,,=mz(s—.~;3)=(%9=sin2 QPN,
of which the graph is a hyperbola in the coérdinates (¢, y);
a(c—c)T
(2) y1_3/=m2(31_3)=[—£PQ1)]9
a(c—c,)
because
4) @+ 2adyc + (a* + A2+ B)y—a*=0,
®) (ac + dy)*=A*(y, —y) (¥, —¥)>
r 47\ 2¢ \? Ay r 47 y
6) y=(n _)=( _), M _ntn_ |4
©® ( 24 n—r K a T Y,
(Yo (2, = _n=n_ %
M y,—( 24 )_(rl+rz)’ : T T g “r+7n Ny’
a 2
(8) ?/13/2=(Z>’ =1,
Y+ V(%h—Y%—Y)
9 =
®) ¢ v (%19,) ’
ooV =9V(H—9) +vV(5—9)]
1= ’
v (%19,)
eV ®B=9VEH—9)+ V(s —y)]
2 ’
V(%:9,)
PR _vn—9)+v(#%—9) CQ_v(n—9)+v(®—y)
a V(%:92) ’ a VY ’

%2= V(% —-y)+ (¥:—Y)»
vVylV(n—y)—V(y—y)]
vV (%:9,) ’

Vot veI)vy
V.V (h—y)+ Vv (v, —y)

sin 0 =

tan %0 =
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Taking logarithmic differentials of tan 6 and sin 6,

dé v (4:%,)dy df dy dy
s ’ 0—=75"
(10) sinf 2yv(y,—Y Y.—Y) %V sin g 23/+21/(3/1_?/'3/2_3/),

and multiplying by vy =asin 6/ PQ,

add v (y,9,)dy acosfdf dy ydy
PQT= vY * TPQ Twytvr

(12) Y=4y-y,—y y,—

and thence the integrals in the algebraical form for determining MAXWELL’s
second expression for M in terms of K and H, noticing that y increases from
zero to y, and back again to zero, as 6 increases from 0 to 7.

With the transformation of (4) § 25

11)

= 9 ch? 8 — ch? ¢ ¢
4wV(aA)=f e’ v/ (ch*T— ch?3)

9 2¢h28 —ch2f+1 da¢
f ch2f+1 v (¢h 2§ — ch 28)

e d 1/(ch 2¢ — ch 23)
=‘/2'f [V(ch%‘ a2y tigg— &41 ]df,

of which the second term vanishes.

(13)

Components of electromagnetic force of a circular current.

30. We can now express the components of M, and also of the magnetic
potential Q, in terms of £ and ¥, or H and K, so as to be able to select the
simplest form. Thus

aM 2 2wa Ab cos 6d6 2'rrbf 2t—t,—t, dt

@ =) T P T T t—t VT
2mh ([t —t+ b —t, Vv (t,—t)de
) =T ( t—t _2) vT
2
=—2,.1Z’(1—+-,2—'“'—E—21”)—--gm [(1 +¢*) E—2F],
1 C

by a theorem analogous to those in § 3,

@) fi:i‘/(‘ fy) dt fd=(1 1)F. Fdh=hE—m(1—h)F.
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()  cosf=cos(x+x)=

PQ=

dM
=

T (nn)E

©)

Next
©®)
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(cos x"+ & cos x)(cos x — k cos x’ )
k,z

, , d
3(r, + ;) (cos x' + kcos x), d0=(cosx+kcosx)&7—€,z,,

32mwaAb cosy —kcosy dy
(r, + 7,0k Jo cos X’ + keos x cosy’

82madd

4 2 —
f[(l+k’)cosxcosx-—k(008 X + cos? X)] cosx

827wadb
RO INL

16m0 1+BP)H—-(1-F)K
r 47, 'S )

[0+ Byeostx— (12 2%

cos

amMm 2 2mad cos 6( A* + aA cos 6)db
AH=M-+ A PQ’

A dM 2w (aA cos 0)*d6
=M+ g +f P ,

and similarly

(6)

aM a*dM f 27 (ad cos 6)*dé

“ga =M+5 G+ PF

of which the last integral C is given by

C=

M

“(t, 41, —2t) dt
t,—t vT

imm
t2

(2t1_tz_t3)2ft1"t2 ‘/(tx_ts)dt
%‘M‘[t—t t,—t,J) t,—t VT

4 t-—t fl/(t—t)dt 4f1/(tt__tt)1/T]

122
yrr 1[(1+C)E 4(1+c'2)F+4E]=§m‘ C E—_M,

by preceding theorems on the I. and II. E. 1., so that

(®)

M A dM
Agz=*tm f2E+ T &
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amM ct atdM
®) “da =¥ Bty gy
and the relation

am aM amMm
(10) a- +AdA+b—dT=M

is satisfied, required in consequence of M being a homogeneous function of
a, A, b, of the first degree. Otherwise

82ma®A? (" (cosx —kcosyx' )} dy
(r + "'2)3 E* cos x’
_ 82ma’4’ f(l + k*) cos’ x' — (1 — &%) — 2kP cos x cos ' dx
HCET: e oon 5/
_b4ma’A* 1+ M)H—-(1-F)K
GRS BPE
A+)H—(1-1F)K
) - ,
k2 2

12) M+ 0=47r(r1+rz)]74(2H—k K).

C=

(11)

=47 (r +

31. If Q denotes the magnetic potential or conical angle at P of the circular
ring A Q B, the magnetic components are (E. and M., § 703),

L Q1 dM 4ab(1+c’2)E 2¢* F
) A=A B =" 7 oy

or

32ab  (1+#)H—(1-#)K
(7 + 7)) kkt
9 aQ 1 dM M4+C 1 dM_ 40’ K 1(1+c’2)E 2’ F
@) = Zmddd=" A B Rt

8222 2H—K'K 8 (1+B)H—(1—K)K

- (r + rz)s K rn+r, kKt
Also, from the homogeneity of Q, of zero dimension,
aQ aQ aQ 4a bE
®) ga=—Agd VG = g+ O) = =R

or
32a2b 2H—k*'K
(r + 1) Ve '
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In the neighborhood of the axis, where 4, », — r,, ¢, and % are smal!,

¢z 9ct , ¢ 8¢t
@ Feir(1+5+g),  E=ir(12G-gg ),
(6) F— E=3jim(3S + F5¢--), E—¢*F=}m(}+13c ),
4
6) (1+c*)E—2"F == Smet.
16
H—'K 9%
0 ()
aM 67%a® A2b 19272a% A6
(8) =—— or —_—
db r} ’ (r,+m7)°
2 2 2 2 42 2
O M+0=grn ot E g (14 7 ) =T (14 257)
r 4 3 3

or

16a% 42 327%a® A? 86a? 4%

=4 972} =
Tt i+ 8= T 14

dQ 3ma®Ab 967ra® Ab
(10) ﬂ_:——r?—_, or (7‘ +r )59
1) aQ 27ra2+67ra3A or 167a® [ 4 36a3A2:| 967ra® 4*

b~ 7':1” n (1‘1+r2)3 (r+7) (ry+ )

On the axis itself, 4 =0,

an dQ  2wa®

(12) ad=% wm=a
A simpler resolution of the magnetic force is into components G, and @,,
perpendicular to P4 and PB, and we find (A. RusseLL, Philosophical

Magazine, April, 1907),

F—E 2 H E—c¢*F 2( H
(13) GI=T=2<K—TWC)’ Gi=""74 =Z(T—_lc_ )

and on the axis A =0, @, = G, = ma[r}, but G and G, are infinite along
the wire.

A similar resolution of the gravitational force of the potential f adf | P Q of the
circular ring 4B will show that it can be resolved into the components 2,
and 2 @,, but now in the direction of P4 and PB.
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Galvanometer constant of a circular coil.

32. To calculate the galvanometer constant G at a point on the axis of a
coil of wire of n turns in the form of a ring of given cross section a, we have
to evaluate the integral

n 2rxtdedy 2mn ydx
® el e b fernt

taken over the area or round the perimeter.
For a circular section .4 @B, with the axis of the ring through C’ in fig. B,

2mn (*** a® sin® 6d0 27 20 sin? Od6
@ el Toq -] e

wa® J,
and putting as before in § 26, with OC' = a/k,

2
(3) C'@=mit—t), Q= CB=20(1406)=mi(t,—1),

2
C'A— O Q= g;:—(l — 08 0) = m(t — t,),

we have
2
4 m*(t,—t,)=C'4*=a’ 1'l‘]- ’ mi(t —t,)=C"B*=a* }-—1 ’
( 1 3 k 1 2 k
i |t _1-—Fk
®) ° "\/tl—ts_1+k’
2nk’m® dt
G = a4—j:(tz—t-t—t3)ﬁ
2nk?m?

d dt
=g [—2 VT v T+t —t+ 8, —4)(6— ) —2(6,—1, tl_ts)] T
®)

2nk?m3
= T 8aF [(tl —t+ 1t — tz)‘/(tl - ta)E_ 2(t1 - tz)‘/(tl - tz)F]

82 (1+c¢E—2"F
=84C ct )

The reduction can also be carried out with the functions K and A, by means
of the angles x and x’, and
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adf d:
M c’ Q— cos ' + acosy, W=kc?s%?’

dnk 80 (L+#)H—(1—K)K
®) G=7fosm2(x+x)cosx 300,( ) k(

and @ is given by the same expression when C' is moved to any point on the
axis of the tore, the modular angle 8 of A and A being half the angle between
the tangents from C’ to the circular section of the tore.

33. The form of the result shows that the integral for G' and dM/db is the
same essentially ; for the comparison of these and other integrals it is convenient
at this stage to have the following integrals to quote in the sequel:

1) 2 adf 4aF _8(_15'_
o PQ r+ ]

the potential of the ring AB; and as in § 31,

2aA(1+cos0)d9 4 (g, —ty/ (¢ — 3)dt 4 G,
@) f rﬁtl_t o= (F—E)=44

1

@) f2aA(1—cos€)d0 4ft_tsl/(tl—zs)dt_gﬂ_c"ﬁ'_maz

t—t VI <~ r ¢F
Since
d 2a4d sin0_2aAcos€ 2a? A% sin® 0
o PQ — PQ T P@
@ _ P& —3(n +7’2) (ri—PP(PQ—r3)
PQ 2P¢

7‘1‘

() f”PQde.—_ P d0=4n E=2(r, + 1) (2H— K'K),

6 cos §df 4 2F — (1+c")F 8 K—H
©) PQ ct T4, kO
Also
d : 2 r+" (n—P@) PG —r;)
o d—0(2aAsm0PQ)=(PQ )PQ 5PQ
’I’T

=§PQ — (r} +7‘2)PQ+2PQ
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- dé
3f PQ’d0=2(rf+r§)fPQd0—rfr§f?Q
®) =8r(ri+1))E—4r iV
=4 [2(14¢*)E—c*F]
=(r+7)[41 +¥)H— 3k (5+8K) K],

5 fsmzﬁdﬁ 16(1+c’2)E' 2c’2F 8 (1+k¥)H—(1— Ic)K
ct T, k?

®)

14c*)E—2°F
( )cz =2(r,+r,)

(10) 3 f PQ cos 0d6=4r, (1+# )H;(l‘kz K

so that as is evident from (T) these last two integrals (9) and (10) are essentially
the same as well as the integral (1) §30; and this shows that G is also the
potential of the tore at any point C’ of its axis, the tore being homogeneous
and of mass 2mn.

Potential of an elliptic disc, gravitational and magnetic.

34. Begin now with the potential ¥ of an elliptic disc

wz y2 z2
@) atEto=1

of uniform surface density 1; then (CayYLEY, Proceedings London
Mathematical Society, vol. 6, p. 42)

x? s 2 de
@ v [ v(1- - v rer ey

where X is the positive root of

@ AT ETAE

# and » denoting the other two.

Next by differentiation of ¥ with respect to z the magnetic potential Q is
obtained of the elliptic disc, magnetized normally with uniform unit intensity,
as represented by the component attraction of the disc perpendicular to the
plane, or by the solid or conical angle subtended at a point ; so that

@ Q__ﬂ’ 2abzde
\/ a+e b2 e)‘/(a+ebz+ee)’

reducing to
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4abzde 4y ()»/J.v) de
®) Q=fel/(4-e—)»-e—p e—v) fv vE’

E=4-e—\Ne—p-e—v.

This is proved by determining x, ¥, 2 in terms of A, u, v, the elliptic coor-
dinates, such that (w, y, 2) is a point of intersection of the three confocals of
(3) to the elliptic disc given in (1), when

(6) €=X, p, v,

) OSASO>Sp>—b>v> —d*> — oo,

and then

8) w2_a’+7\-a’+p.-a2+u 2_bz+7u~b2+p.-b”+u z2_0+7\-0+u-0+v

O = Fe—0 V- F_a =0 T F—0=0"
2 2 —_ N€— € —

©) 1_.°% y: 22 e—ANe—pe—v

P+e BP+e € dtebteec

Interpreted geometrically, Q is the solid or conical angle subtended by the
elliptic disc (1), or the apparent area, as it may be called ; and SCHWARZ has
shown that the apparent area or Scheinbare Grosse of the ellipsoid or of any
elliptic section of the tangent cone is given by an expression equally simple
(Gottinger Nachrichten, 1885),

2V (—4- A — AN —p- A —v)de w2y (— E) de
(10) Q=j; (e—)\,o)1/(4'e—7\,-e—p,~e—-v)_2W_f A, —€

(Eg=4-2%—24-2g—pu-2 —v),

where the ellipsoid is defined by

mz 2

11 y_ .7 _4
11) arnTEpnty =0

reducing to the elliptic disc as its focal ellipse when A= 0.
Put
12) e— A= M?*(s—3s)), e—pu=M?*(s—s,), e—v=M(s—s,)

and
e(ore— )= M*(s—oa),

(13) E=4-e—Ne—pe—v=M*S,

(14) 480*2 = 4\ = — B = — M3 ;
and then, as in (3), § 5,

“9y —3 ds
(15) Q=j: Y =4d=2r_4B.
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35. ScEWARZ’s theorem is proved by considering the equation of the tan-
gent cone from (x, y, z) to the ellipsoid defined by e=\;, which, when
referred to its principal axes, the normals of the three confocals through
(%, y, 2) defined by e =, u, v becomes (SaLmON, Solid Geometry, § 173),

2 2 2

+ =0,
A=A p—2A,  vV—)

one of a family of cones confocal for different values of A.
The conical angle Q of this tangent cone, and the perimeter ® of the sphero-
conic on unit sphere of the reciprocal cone

(2) (A =22 + (b =N) ¥+ (v —=2)2" =0
are connected by the relation
(3) Q+ O =27,

On the reciprocal cone replacing =, y, 2 by direction cosines I, m, n, we
may take
%)

4) r=te =) (525
SESTHENY SR )
(5=

e_x)

n’=k(7&—,u,)

subject to the condition

—_ —A A—pu
5 2 2 z=k(I"” 4 >=1’
5) +m? 4+ n 7\—7\o+l"—/‘o+”—”o
A— N — NV —
©) R et
K=V V—ANAN—pU
and now
— FE dé
) (d<I>)2=dl2+dm2+dn2=4(T{;—52E—,

(8) F=4-¢e—Ne—pe—v, Ey=4-N—XAN—p-N—v.

As a point travels round a quadrant of the sphero-conic, € decreases from w
to », and

9) ASAMN>SO>Su>e>,
“%‘/(—Eo) de
éV(—E) de

(11) Q=2r—d = 4f TeTw, VE

in accordance with (5) § 5, () and ® being 44 and 4B, SCEWARZ’s result.
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86. In the notation of Gauss (CAYLEY, Proceedings of the London
Mathematical Society, vol. 6; HALPHEN, Fonctions Elliptiques, vol. 2,
chap. 8)

(1) G, @, =\, —p, —v,

and in the region u > ¢ > v we can put

(2) G+ Gcos T+ G'sil? T'=\—c¢,
3) G cos? T+ G"sin®* T'=2) — ¢,
4) (@—G@)eos* T=p—e (G —G")sin* T=e¢—v,
de

(®) dT=1/(4-;4—e-e—v)’

T aT ¢ de
(6) U=[ I/(G+ G cos? T+ G sin® T)= _,,17-—E'—’
) Uv(A—v)=1LK, T'=amhiK.

In the region o0 > € > A >\, we should take

A — —A
8) sin' T=-""", oo T=-"", T=amhK,
. A—ve—pu
4 2 0 2 —
) G + @ cos? T + G sin T___—e—u .
10)  Geott T4 @ si 7= o= 2=V = (A—vip—v)
€—v i
equivalent to the substitution
A—vu—vp
(11) (G—V, —T).
37. The inequalities
1 ©>ESASMNSISu> P >v> —d,
0
(2) 0>8>8>0>8,>8>8>— 00,

show that the form 4 (fK") or B(fK") is required ; and from (3) § 5,
®3) Q=2m(1-f)—4KmmfK’,

equivalent to NAGAOKA’s result for a circle expressed by Weierstrass functions;
and here, as in (8), (7), (8), (9) § 5,

Trans. Am. Math. Soc. 33
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O m fK' = ZfK' = E$ — fE,
(5) JK'=F(¢,F), ¢ =am fK’,
so that LEGENDRE’s Table IX can be employed for a numerical application,
s 2y o2 ,_sl—-a'__l_
(6) sin’* ¢ = sn’ fK Pt
’ g — 8, -— M
(7) 0082¢= cnsz =;-.—_8:= k—'—_l-"’
( e dnd K =2 "B TV
(8) A¢_dan —81_83—)'_”,
_BTH_B=r e a—s A—p
©) kz_sl— ., A—v’ K T8 —38 A—v’

and the modular angle is then half the angle between the generating lines of the
confocal hyperboloid of one sheet, or the focal lines of the tangent cone.
38. Thus for instance, if we take /= %,

—v w—v 1 1 1 — U
A“=x:7=k=Jx_w ate—3=0 k=71

@)
/“=_k)'$ ”=—"Zc_‘?_’
and now
(2) zm 3K =3}(1—k), Q=7m—-2(1-Fk)K.

At an infinite distance,
(3) A= o0, Bil]¢=1, k=0, K=%7T, ]c’=1, K,=w, E'=1,

4) mfK' =FEp—fE' =sinp—f=1—f,
so that
%) Q=27(1-f)—27(1—-f)=0,

a verification.
Inside the focal ellipse, in its plane,

(6) K=0, f=0, Q=27r;
but in the plane outside the ellipse
) u=20, f=1, zn K' =0, =0,

to serve as a verification.
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Along the edge of the focal ellipse

8) A=0, p=0, E=0, zm fK' =0,

© Q= 2m(1—f),

and two surfaces of constant O, and Q, intersect along the edge at an angle
(10) H,—- ) =7(fi—N2);

see MAXWELL, E. and M., § 487.
Along the focal hyperbola

(11) p=v=—8, k=0, K=},
¥=1, E' =1, E=sind,

zn fK’' = sin ¢ — f,
so that

(12) Q=27r(1-—sin¢)=27r(l— %)

and the conical angle is now bounded by a cone of revolution of vertical angle
m—2¢ (CAYLEY, Proceedings of the London Mathematical Society,
vol. 6).

On the axis perpendicular to the plane of the ellipse

(13) m=0, y=0, z2=7\., b2+/.l,=0, a2+v=0,

kz—az_bz ,2_b2+22
=dxe P mage
2 LI 2 2 ’ b? 2 ’ a*
sn fK “——-mz, cn fK bz+ 39 dn fK =a2—_'_z2,
2
dn”(l—f)K'_l—Ii=e

39. The equipotential surface Q = 2nf, a constant, cuts the plane of the
ellipse (or any other area whatever) along its edge at a constant angle 7f'; this
is evident from simple geometrical considerations of the conical angle or appar-
ent area of the ellipse as seen from a point close to the edge, when the apparent
area on the unit sphere is cut out by two diametral planes, one parallel to the
plane of the area, and the other drawn through the adjacent tangent of the area.

Magnetic interpretation of the potential of the elliptic disc.
40. In the potential of an elliptic disc, as given by CAYLEY,

Y’ « de
) V= 4abf( b2+e a+e>17E’
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when modified by (9) § 34, and employing (12) § 34, with
(2) e=m*(s—o0), P+e=m?(s—o'), @ +e=m?(s—ad"),
3) ©>8>8>0>8>0 >8>0">—w,

A= mP(s—o0), B+r= m?(s— '), @+ A=m?(8—0"),
(4) p=—m*(oc—s,), b+ p=—m?(s,— o), @+ p=m’(8,—a”"),

v=—m?(oc—3)), B+v=—m?(a'—3,), @+ v=m’(s,— "),
%) @’ = Apuw = — IS,
(6) (=) YP =0+ XD+ p- b +v=}m°%,
) (=) =a’+ N+ p-a®+v=—}m°2",

and the terms in V are
4abK
®)  4ab fI/E T

. de 3V (—2) ds
®) 4aszv —4f T
— 24 (fK’ )=4z[;w(1_f)_Kzan'],

(10) 4aby’f (& +die)1/E =7 f“_ 7 f %;/_(f:) %
Ly B = Ly K
e [ G evm = 7t LA I
" - 1/—(}”6—7) C(f"K")
4w

= /(@ =) [Kzsf"K' —3mw(1—f")].
Here, as‘in (3) § 2,

(lz)f—f fv( s)’ sn’ fK' = xﬂ, cn’fK—~-_ du”fK'—)T__—

, —b—v b+p B4
(13)f_f f‘/S, ' K= T, et K= Th aut K=

” 4 4 7 ’ +v 2 L ’ az+“
(14)f_f f1/( s o0 R R e K =
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We have seen already in (5) and (15) § 34, that

d
15) Q = _EY_ 44 (fK')=27n(1—f)— 4K fK',
is the magnetic potential of the elliptic disc with uniform normal magnetization
parallel to Oz, or of the unit current round the elliptic ring ; so also

av 4a 4a

16) = =G = B ) = s

Kmf'K,

is the potential for uniform magnetization parallel to Oy the minor axis; and

an o= ‘g ” (a‘“’ 3y O(F'K') = V(a‘ﬂ’ gy (K58~ (=),

for uniform magnetization parallel to Ox the major axis: and ', )" are the
components #', G of the vector potential of the elliptic current.

For uniform magnetization of the elliptic disc with direction cosines 7, m, n,
the magnetic potential is

(18) nQ + mQ + 10",

Induced magnetism of a hollow ellipsoid of soft iron.

41. We may cite here the expression of the induction of a uniform magnetic
field on a hollow ellipsoid of soft iron, bounded by confocals, of the family

2 2 z2

x Yy
@) a+>~+b2 +X=1’

A, and ), defining the outer and inner surface of the shell.
We require the three incomplete II. E. 1.’s

® de
(2) A’Ba0=‘f; (az—i—e,bz-}-e,e)‘/l”

1
V(EF A B FAN)’

P=4-a*+¢eb+ ¢, A+ B4+ C=

and with the fraction % defined as in § 2 by

@) h= f f yP
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we find from § 3,
1

) A= iy (K= H)—miK],

(6 B=b,(+_bz)[k(}l—k’2k’)—zn(l—h)1{],
(6) C= ¢le>2 [—hH+2s(1—%)K],
() B = 1_2, k'=%.

If the external inducing magnetic field has a potential
8) V=Xx+ Yy + Zz,

we can examine the components one at a time, so that if the component Xx
induces a magnetic potential  in the iron of the shell, Q, in the outside space,
and (2, in the cavity, the magnetic conditions are satisfied by patting

9) Q =Lz, Q,= L°A x,

4, -4 A— A,
(10) Q= LOA Aw+L,A Aw,
where

oy A=A _(h—h)K—H)—(mhK—mhE)
) A=) (E—H)—(ahE—mh&)

and then determining L, and L, from the condition, with magnetic permea-
bility x,

d d d
(12) ;LE,(X:L'+Q)=E—V—1(X:¢+91) or (T,,O(X“""‘Qo)

in crossing the inner or outer surface, noticing that

dd e 1 dn o0 1 2l
(3) T = T @I AYPd = FINyP= T P

Other cases for components of V such as xy, xyz, -.. are given in the
Journal de Physique (1881); the hydrodynamical analogues can be devel.
oped by means of the same analysis.
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Potential of a circular disc, gravitational and magnetic.
42. For a circular disc put o® = 5%,

" Pty P de .
@) V=2az‘[.\/(l—a2+e_;)(az+e)1/e’

ellipsoidal coordinates are now unsuitable, and the elliptic cordinates, v and w,
must be employed, with the substitution

(2) @+ e=a’ch’u, e=a"sh’u,
3) «* + y* = a’ ch® v cos’ w, 2' = a®sh® v sin’ w,
4) 7, ry,=a(chv=xcosw),
\» 7, denoting the focal distances of P from the foci 4, B in fig. 4; and
1 :z:’+_yz z_’__l ch’v cos?w  sh?v sin® w
&) T @+e €  chu  shu
(ch’u-—ch""v)(ch’u—cos w)
ch’ u sh’u
* y/(ch? v — ch®v - ch® u — cos® w)
(6) Veta | ( i du,

Q av 0 2a2zde
=" = 4y 2
0 f ‘4“’“)“‘\/(1‘ a=+:‘2)

sh v sin wdu

_4.[ shu y/(ch®u —ch*v-ch®u —cos’w)’

Next substitute

) sh’u = m?(s — o), ch® u =m’ s —s,),
. s—s s—o
9) m* (o —sg)=1, ch’y =—23, sh®y=——,
c—s, o—3,
§s—s 8—s
(10) ch?w — ch’v = ', ch’u — cos?w = 2,
c—s, c—3,
8 —8 8§ —ao
(11) ch’v=—1—2,  shly=-! ,
0'—88 0'—"88
8, —8 ¢ —8,
12) cosfw=-2— ginlw=——
c—s, c—3s,’
2
. s, —s, cos'w r =1,
(13) I e T
L — 8 v 7 +'r2

as in MAXWELL’s second expression for M, § T01.
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The inequality sequence runs
(14) 0>8>8>0>8,>8>—0w0,

so that, from § 2, dropping K,

(15) chv=§:—f=dn—(lk_—f), cosw=dn (1 — f).

If then we write 4 for V(@ +y),e=Acosd,y= Asin ¢,

(16) i:=chvcosw=dn(1_f) k _dn’(l —f)

dof T dn’fT k ’
2 2
(17 f—z=shvsnw=k—s(;}l{—;n—‘f=l—;c—sn(l—f)cn(l—f),
T, 1
(18) —d—=ch'v:lzoosw= 7czl:l)dn(1—-f).
Since
19 sh udu V(o —s8)ds
(19) v (ch®’u —ch*v-ch®u — cos’ w) v S ’

equation (7), as before in (15) § 84, becomes transformed to

%1/ ( - 2) ds , ,
20 .Q=4f——————=4A SK)Y=2r(1—f)—4Kzm fK'.
( ) A s—o v A ( ) ( f) S

To make s oscillate between s, and s,, substitute

g — 8 g —38 g — 8 g — 38
2 shlu= , chyp= 3, costw=—3.
8 —3s, 8 —8, 8, — 8, 8, — 8,

(21) ch*u=

43. The potential for uniform magnetization of the circular disc parallel to
AB is, as before in (16), (17), § 40,

, av 2a® Ade
O ) A
(0" +e)ve —a2+e—-e—)
° 4chvcoswshudn
=_£ ch® u v/ (ch? u — ch®v - ch? u — cos® w)

4 j"sz—sal/(sl-— s)ds_4K—H

Teosw,), s—s, v T 7 cosw
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From MAXWELL’s second expression in § 701,
(2) M=4r(r,+ r,)(K— H)=8rachv(K— H)=2wAQ/,
and this is evident when we notice in figure B that M is composed of elements

3) st g8 0ade

P Qll Q
which is the magnetic potential at P of a strip Q " parallel to 4 B, magnetized
longitudinally ; and these elements are integrated over the circle 4 @B, and
multiplied afterwards by 274 to obtain M for the two circles.
Replace 4 by «, then at any point (x, 0, 2)

, dV av
an @&V 1dM
®) T T T Gk T &
aQ av a*v 1dV 1dmM
Qe — 2ery__ 197
©) T 27rd2—27r<d:v +mdw)_ x dx’

and a magnetic line of force along which M is constant is the orthogonal
trajectory of the equipotential surfaces { = constant; in fact M is the Stokes
function of the magnetic potential, and

an dy 1dQ
(™) d2? + da? +% x dx =0,

a M d‘M ldm

&) d2* + d? T x de =0
or as they may be written
d( dQ a( dQ
() ﬁ(w—oz;)ﬂ“%(”%)ﬂ’
1dM d (1dM
(10) dz(cc dz>+@(—a—:_da—c_)=0'

These are MAXWELL’s results of § 708, obtained from independent physical
considerations when « and z are replaced by his @ and b; the symmetry round
the axis 2 shows that the integration employed in MAXWELL’s treatment can be
effected, so that his result, where ¥ and Q are equivalent, may be written

am AV av
(12) —_—f a~—d0_—27ra%;
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The potential of the circular disc is now written, either from (1) or (6), § 42,

V4 j“” 1 ch?vcos’w sh?vsin®w sh udu
==a ; T eh’uw | shPu v [(ch®*u—ch®v) - (ch u—cos® w)]

=4 n[a—Al/(sl —8"8% "’83)_z‘/(81_‘7'°"‘82)]‘/(°'_83)d8

8—3, s—a vS

L2t

=4a\/(d—s’)K—4A\/(d_8
8 —3 8 —

s:)(K_ H)— 424(fK")
4aK

= cho

13)

— AQ — 20,

of which each term can be interpreted by means of the homogeneity relation
av v dV

(14) V=a da +AdA+z—£,
since
av dv ,

and therefore

(16) il e

the potential at P of the circular ring round the rim of the disc.
Similarly in the case of the elliptic disc in § 40 the term in (8)

de 4abK
vE= V(A=)

. may be interpreted as the potential at P of a ring round the ellipse cut off by
a consecutive confocal ellipse, so that the thickness is inversely proportional to
the perpendicular from the center on the tangent.

an 4ab

The Stokes function of a circular plate and ring.

44. Denote the Stokes function of the plate by V, using b again instead of z;
then, as in §§ 31, 43,

dN av

@) —p =2mA T =—2mAQ'=— 4w (r, +1,) (K — H),
dN av
4 =— 274 — 9= 2w AQ

@) =27 A[2r(1—f)—4KmfK']

=274 4A(fK"),
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and by analogy

®3) %:271-(1-411(1—f)K’=27ra[2'n;,"—4Kzn(1 -NK'],

a change of finto 1 — f, and A4 into ¢ ; and this term is the Stokes function of

the circular ring, of which the potential function is given in (1), § 83 : so that

the Stokes function at P of the circle 4 Q) B is 27a times the apparent area at P
Then by the homogeneity of the second degree in @, A, b, of IV

dN dN dN
W=ag +471 05

= 8ma?d (1 —f)K' + 8w A* AfK' — dwb(r, + ) (K — H),
() N=dmr(a— A4*) B(fK')+ 2m*4*— 2mb (r,+r,) (K — H+ Kdn? fK").

For points on the plate, f= 0, N = 27°4%: while f=1 for points in its
plane outside, and V= 27*a*; and NV — 27° A’ may be taken as the Stokes
function at P of this plate and a coaxial equal and opposite plate at the level
of P.

Changing the superficial density from unity to 1/2mp, we shall see in the
sequel that

(6)

where M is the function in § 54 investigated by Viriamu JONES for a helical cur-
rent, or the equivalent cylindrical current sheet; and the potential of the two
end plates is the magnetic potential of the cylinder magnetized longitudinally,
while the Stokes function N — 27% A2 is the magnetic potential for magnetiza-
tion across the axis of the cylinder.

)

2m*A* — N

2mp =,

The various dissections of an integral.

45. To arrive geometrically at the expression of the conical angle () by means
of the angles 6, ¢. Y, x, ® defined previously on fig. 4 and B, we employ
the idea given by MAXWELL in E. and M. § 418, that the area 2, cut out on
unit sphere by a cone whose vertex is at the centre, is equal to 27 minus the
length @ of the curve traced out on the sphere by the reciprocal cone; this is
a direct resuli and generalisation of the theorem that the sum of the area of a
spherical triangle and the perimeter of the polar triangle is 2.

The same idea is employed by ScHWARZ in his memoir Die Scheinbare
Grosse des Ellipsoides, the apparent area and conical angle being the same
thing, either of the ellipsoid, or of the tangent cone, or any elliptic section of it.

If the tangent plane P QY of the cone, shown in elevation and plan in figures
A and B, turns through an angle d® while O ) turns through the small angle
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df, and if the normal line Pgq of the cone cuts the plane A QB in g on Y M
produced (fig. B), then ) and ¢ describe curves which are polar reciprocal with
respect to M; so that Q) My is perpendicular to gy the tangent at ¢; and the
sector velocity of ¢ round M

do
@) Mg d—t—%Pq cos MyP,
d® M¢* Py PM'® PQ 1 PM
2) d0 T P My~ PY* PM~ _ QI:P@’
I_P—Q2

so that, in MAXWELL’s notation, with OM = 4,

2 1 bdé
[}

P
Now from § 27
4 A’sin’ 6 4a2A2sin’0__( 2A__)2 - bdo 26 dy
@ “PE ~rrnroe~\niy, PQr 47, By’

sin’ y,
so that, in LEGENDRE’s form of § 14,

i 4 a dyx
®) ®= f 1+ nsin’y Ay’

24 \? r—r, 2 20 \?
® n==(;55) r=rgm e=aem(1+3)=(235)-

To reduce ® to our form B in § 5, we put

3=% I _ V(s —5)ds
8, —8,’ Ay~ vS ’
and interpreted in fig. 4, where OM = A, OC =ak, OC' =a/k,

_ —7\? 2_ 2
@) T—8 1 (r+r), =% _in K= ( r2)=krl 7'2_70%:_0_(“1,

) sin? y =

8,—8, 24 8,—8, 24 44 o
9 o—5_(n+r)—44'  s—o 44— (r—r)
©) 8, —8 44° T s —s 44° ’
sl—u~a-—s2_b_“’
(10) 8, —8-8,—s AY
so that, as before in § 34,
_ 3v(=2) ds _ :
(1) ®_4£—;Tm_4B(fK),

(12) Q=2vr——4B(fK')=4A(f](')=4f°§_1§(:_—02):7185’.
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46. If da denotes an element of area at any point ) inside the circle, due to

any mode of dissection
da bda

@) V= PQ’ Q= yIod
and the integrals which arise in the determination of these potential functions
change in appearance with the method of dissection employed by the use of each
system of variables; so it will save repetition in the sequel if we cite here some
preliminary lemmas.

I. The potential at a point #* on its axis of a flat ring-shaped disc, bounded
internally and externally by concentric circles on diameter ab and A B, is

area

@) }(F4 +Fa)

and thence also the same for any fraction of the ring cut out by two radii at an
angle 6, replacing 2.
II. The potential at P of the line AB in fig. 4 is

=27 (FA — Fa),

PA +PB+ AB L 4B PA—-PB
@) f Cpar PB—AB~ W PayPB=2%" 301 °
and when P is at #', the potential of 4B is twice the potential of OA4, and
_,04
4) 2 th—! 71

In the elliptic cotrdinates of § 42 the potential at P assumes the various forms

cho 41 cho+1 shv © dv
log chv —_21 hv_—2logchv—i= . sho
©) 1 h 1 h?oy + 1
o= 10_” Tt
=2sh™! _2 ch- = 2 th- h'v—ch bt — 1 ot

The Stokes function at P of the line AB is
(6) 2w (PA — PB)=4macos w,

an expression much simpler.
III. The conical angle of the ring as seen from F on its axis is

7 9 FO FO\ FO x area
™ "\ Fa " FA)= FA Fa 3 (FAF Fay
and when the diameters ab, A B are nearly equal, this may be replaced by

FO x area
®) TFA
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So also for any strip cut out by two radii; and if the radii make a small
angle d@, the same expression holds when the plane of the strip is tilted about its
mean radius OA4 through any angle, provided #'O is replaced by the perpen-
dicular 7'M on the plane, and the expression becomes

FM FM
9) ( Fa — FA ) de.
IV. For a narrow parallel strip such as @ Q", of breadth dy, and PR the
perpendicular on it frora P, the conical angle at P is

(10) PRz(cos PQR —cos PQ'R)dy = ﬁﬁ;xgga(ﬁg _gg;)

47. Considering that 7 + bQ is composed of complete I. and II. E. 1.’s, the
complete III. E. I. which arises in the determination of Q will serve at the same
time for V'; and according to the method of dissection we shall find it depend
on one of the five following forms, which we shall represent in the following
notation, in which the IIL. E. I. is not restricted to be complete ;

*aA cos 0 + a® bdl a- MY bdo
O )= [N pe - i P
P bdé
PYPQ

ad cos 0 4+ A%+ b* bdé
(3) ‘Q'(PZ)=f P72 _P_Q’

where P Z is the perpendicular on OQ), and PZ* = A?sin’ 0 + b°;

@  QPY)=

_ [ QN bdb
@ een=[ S50
acosf(acos 0+ A)bdd  ( ON- MN bdf
(5) ‘Q’(I)R)=f PR PQ T PRT PQ’

and these III. E. I.’s are connected in pairs by the ten equations following, as
is verified by differentiation :

MZ - -QZ L PM-PQ

©) QPY)—Q(PZ)=1I =sin" pr7=ms PV Pz
= }m — angle between planes PQY, PQZ;

\MZ - PQ MN - MP

0 Q(MQ)—Q(PZ)=I,=sn" PZ MQ_COS_I_PZ-—.MQ

= angle between MPQ, QPZ;
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o Q(M‘Q)—Q(PY)=Is=sin—‘%.=co1QZ %'

= angle between PQT, PQY;

- QN PM L MN-PQ
Q (M PN )= I =sin" = 08! 5
(9) (HMQ)+a(PH)= PN-MQ™"" PN MQ

= angle between PQ7T, QMR ;

_LQN-PQ _  MN-PM

= angle between MPQ, MQR ;

MN ,PM- P
ay TER BN =L = TN~ TR

= }m — angle between QPR, QPN ;

sin 6(aA cos 6 + a® + b?)
PR -PY

(12) _PMcos8-PQ
=C¢8"—TPR.PP

= }m — angle between QPR, QPY;

Q(PR) + Q(PY¥)=1I =sin' =

. PMsin6-PQ _, aAsin® 0—b’cos 6
P R CE ek 0 52 A O D
= angle between QPZ, QPR ;
. PMsin6-PQ
Q(.P.Y) —_ Q(.PN) = I;= sin—! —P—?—PN——
(14) ,8in 0(ad cos 6 + A® + b°)
= cos™
PY - PN

= angle between QPN, QPY;

sin 0(ad cos § + A* + b?)
PZ - - PN

(15) — oot D086 - PQ
= COS PZ - PN

= }m — angle between QPN, QPZ.

Q(PZ) + Q(PN): Im=sin‘1
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In a complete III. E. I., when 6 ranges from 0 to 2, the 7 term disappears

or is 27, and

=27 — Q(PN)=2r— Q(PR).
‘We shall require in conjunction with (P Z) the associated integral

(16)

vV (A? + b%)(a+ Acosf) bdo
(17) Ql(PZ)=J i PQ’
and then
a+v(A*+08) bdo
18 AP +OUPE)=| S T e g
a—y (A +0b%) bdb
(19) ‘QI(PZ)_‘Q'(PZ)=[1/(A“+b2)+AcosePQ’
two III. E. I’s, with parameter f, "', f, F"’, such that
, a—vy (474 b , r
@) swpp=""YEED g TV (LT

leading to a simple geometrical construction ; and it is found that 27w — Q (P Z)
is the conical angle subtended by the circle at P, on OP produced.
So too in conjunction with Q( PR) we require

vV(a*+ b*)(A + acos ) bdb

(21) Ql(‘PQ)=f ( )f(’Rz )PQ’

A+ acosf bdo
V(@ +b8)—acosd PQ’

A+ acosb bdo
V(& + )+ acos 8 PQ’
and Q,(PR) is the conical angle at P, where P P, passes through B, or
P, P’ is parallel to AB.

48. Thus with sector elements }a’d6 for the determination of V7, the poten-
tial dV at P of the element about O is given by

id_I_f_ rdr_ 'r+Aoos€d0 Acos€d0
g = J P‘Q‘“f PQ f

=PQ — PO — 24 cos 6th!

(22) Q(PR)+ Q(PR)=

(23) Q,(PR) — Q(PR) =

@)
-P_Q“-{-_Pﬁ ’
of which the first part is by Lemma I the potential of the strip O Qq'o, between

0@, og’ radiating from Z, and the second is by Lemma II the potential of a
shaving of uniform breadth d@- .4 cos 6 and length 0Q.
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As required in integration by parts, the second part of (1) can be written

a a’*A%sin’ 0 1
P+ PO) T PQ-PO+adcosf + A°+ 8 PQ

a PQ-PO—aAcos—A°—b A%sin*6
PQ+PO)™ PZ PQ

a b?
aAcos@ + A*+ b bdQA(PZ)

PQ o’

So also, if dQ) is the conical angle subtended by the sector element about
O @, the application of Lemmas III and IV shows that

d0 (A sin Ath—!

dO(A sin fth—!
(3)

Q2 PM PM PM(QZ OZA 0
@=P0"PQ“PZZ(T>Q_W)‘) e08
3
@) —bPO dQ(PZ)_bPO dI, dQ(PY)
=°PZ~ 498 “°Pzt@w " —d8
so that
av aQ a’+aAcosO d - a

and thence the previous expressions in (13), § 43.

49. The dissection which leads directly to MINCHIN’s integral in the Philo-
sophical Magazine, February, 1894, is made by lines radiating from M.
Denoting the angle AMQ by 7,

(1) 3 M@ dn = sector element about MQ = 3 MY - adf = }(a’+ ad cos 0)d0,
and by Lemma III,

PM

3 d) dyp a’+adcosd b dyp dQ(MQ)
®) BT Mg PQ- b df ’
so that for any incomplete arc 4 Q
4) Q=9—Q(MQ).

Now with the substitution of § 26 and in addition
(5) U@ = mi(s—1),
so that

6) B=mi(t—7), (a~Af=mi(r—1), (a+ A)=mi(r—1,),

Trans. Am. Math. Soc. 34
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then when M is inside the circle

(M a—A=my(r—t,), a=in[(t—t)+v(r—1t)],
(8) aA cos 6 = }m?(t, + t, — 2t),

9 adcosd + a®=3m*[r—t+ v (T—t,7—1,)].

Integrating round the circle, the angle 5 makes a complete revolution when
M is inside, and

—2-,r..f[1+1/(7 Ti;'“ts)]l/(g;-;)dt

_ t—7 (V(h—t)dt 3V (=T dt
2"‘2\/t —tsf VT r—t yT

=27 —2Fc sn 2fF' — 2B(2fF")
=2m(1—f)—2F an 2fF’ — 2F¢ sn 2fF";

(19)

hence MINCHIN’s result obtained directly.
If M is outside the circle, the angle 7 oscillates ; but we must take

(1) a=3m[v(T—t)—vV(T—14)],
and now
(12) Q=2f[1/("r _.,t_ '}:t)_ ]17d;—, =2mf+2F zn 2fF"'—2 Fc sn fF",

equivalent to a change of f into 1 — f, as in going from P to P” so that (10)
may be taken to hold for all cases.

As P travels round the circle CP C’ the quantities ¢, k, #, E, K, H do not
vary, and f may be taken as the independent variable.

Starting from C in the plane of the disc, where f =0,

E+c’F 14

At C' outside the disc in its plane, f=1,
E—(¢F H— 'K vV
14) =0, V=4a g -4a—-k~~~—, AC'_2(E—CF)

As P travels to P”, f increases from f to =1 — f, so that
(15) Q" = 2nf + 2F zn 2fF’ — 2F¢ sn 2fF",
(16) Q+Q"=2w—4Fc sn 2fF'=2r—4Fsiny’, Q—-Q"'=2wr—4B2fF"),

and Q" is the apparent area of the coaxial circle through P seen from any point
on the circle 4 B.
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@an) ;}; + AZP" =4FE —4Fsin® ¢ — (Q + Q") sin ¢’ = 4% — 2wsin ¥,
which is MINCHIN’s equation (23), p. 212, Philosophical Magazine,
February, 1894.

When P reaches P, f has increased to f' =1 + f,

@18) Q' = —2uf + 2F zn 2fF’ 4 2F sin ¥,
19) Q—Q =2,

but

(20) V' —V"=0.

At P”, f has reached f” =2 — f;
1) Q_Q"=4m, V—-V"=0,

so that ¥ has no cyclic constant as P describes a curve linked with the circular
edge; a cylic constant like the 47 for { would imply a non-conservative poten-
tial and the possibility of the creation of energy, called otherwise Perpetual
Motion.

50. Dissected by QX into strips ydx = @ sin® §d6, then by Lemma IV, § 46,

bdx asin@ o’sin’d bdo dQ _ dQ(PN)
PN PQ — PN® PQ’ d9  df

Q)  de=

so that x of § 27 is the appropriate cobrdinate angle, leading to E. F.’s of AK
and fK', and

Q 2m a® sin? 6 bdé
— 2 =
f (7_.1_2-%_7_‘_2) 0Q2 — a?sin? @ -PQ

f}w 4 sin® y b  dy
a <r1+r2)2 sy T HT Ax’
L—-2) —sin’y
2a

which is reduced to the form A of §5 by putting

2
3 sin? 17— % 1 2 1 3
3) X—s ) %a

= ’
T —38,

@)

and this makes

(4) Q=4f%<}(_—a—2:'—);/d—%=4A(fK’)=2vr(1—f)—-4Kznf
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With the variable y of § 29

PN? Y a’sin’ 0
(5) 1—y=PQ2’ l—y= PN?
and denoting the value of ¥ for y =1 by ¥,
, b* o
(6) V'=4(y,—1)(5—1)=—45=—4y9,

so that from (11) § 29

" 2 by (n)dy _ ( 1 _1)2v<—1")dy

Q=o l—yea v Y

)
=4B(f K')—

in which

g 1 24 \? r —r,\?
2 r_ 3____ 2 ’__ 1 2
8) d’f'K P (7’,+7'2)’ dan_(————zA ),
from (8) § 45,
9) de’ fK'de® fK' =k, f+f =1,
2b
47,

(10) Q=27(1—f)+4Km (1 —f)K' — 4K

= 2r(1—f)—4Km fK",

as before in (4).
So also by Lemma 1T

1) dV = dw} log

PQ+asm0 . _lasine
PQ—asm o_asmﬂdﬁth ——PQ—,

and as before in § 48 we may transform this into
av d a sin 0 a* + ad cos @

12) a0 _--d—e[(acoso+ A)th! PQ ]

so that, as before in (4) § 48, over the circle,

d adf avV v
(13) V+bﬂ=‘£ (a+Acos€)PQ_a +AdA

4 42 (PN)
PQ  ~° a8

To connect with the E. F.’s of A# and 2/F", by means of Q(MQ),

y a0 _d0(PN)_dI, dn(MQ)
(14) B= a8 = a8 b
(15) Q = 2r — Q(HQ),

as in (4) § 49,
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51. Dissecting by lines @ Q" parallel to A B into strips

@) QQ"dy = 2a? cos® 6d0,

of which by Lemma IV

bdy QR:l:R Q" (a’cos’0+adcosb acos’f—ad cos 0) bdé
PR (? QP Q”) —( 7Q + Pq PR

we may take

@) d0=

3 dQ) d*cos’ffadcosd b dO(PR)
®) = PR PO="d8

and then integrate round the circle from 0 to 2.
So also from Lemma II, with the same dissection,

PQ+PQ"+2acos b ., 2acosf LPQ—-P¢”
“4) dV=dylogPQ+PQ,,_—2a os g =27y th PQ+PQ_2d th- oA
av 2d th- lPQ PQ 4a’A*sin* 0 1 1
a6~ “a0\Y =i _(Po—rgy\ro*t FQ"
., PQ PQ' —A’+a*—b? 1
é) = 3a?sin?d PR PQ PQ")
a’*+adcosf+b*> a*—ad cosf+b?
—_ 2__ A2\ T T M B
=(PE b)( PE-PQ T PQ PR )

and here again, in integrating round the circle we can take

a 2+ ad cos 6 + b* dO
© v=[(Pr- P g

and V + bQ is the same as before in (13) § 50.

52. Finally there is the integration for 7 and Q required when the circle is
dissected into concentric rings; and now d V/dr is the potential of a circle of
radius r, and

av
-,_4F—=8K~ -
€] e

@) —f"-u«" da_f8K da,
l+ 2

of which the result is known already by the other dissections, although the inte-
gration appears intractable at first sight.
So also, from (3) §31

5 Q@ d*V _4ab E 82¢b 2H — k'K
®) da= " dadb= F E=(r4r)y K

leading to an integral of appearance still more intractable.
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53. Treating the potential U of the solid cylinder in the preceding manner,
as given by a function homogeneous in the second degree of a, 4, b,

d U d U avu
the first term is @ times the petential of the curved surface, or skin potential
as it may be called of the cylinder, so that

14U . . T de
@ Lda f th™ _‘_do"f%h \/t—t V(t,—tt—1t)’

not an elliptic integral; but dU/d A and d U/db are given in §§ 44, 54 as the
potential of the cylinder due to transverse and longitudinal magnetization.

We shall apply the same method in § 64 to Mr. Coleridge FARR’s problem
(Proceedings of the Royal Society, November, 1898), to determine the
electro-raagnetic force of a cylindrical coil of finite thickness, where a similar in-
tractable integral is encountered, in conjunction with elliptic integrals, which we
consider tractable.

A graphical representation can be given on the Mercator chart of the integral
dW/ada in (2) by denoting the angle M QL by ¢, so that
3) th™! FbQ = th~'sin ¢ = log tan ({7 + 14);
then if ¢, 0 are taken as latitude and longitude, and the curve drawn on the
Mercator chart, the area will represent the integral (2).

Or else th™'(5/P Q) can be expanded in odd powers of b/ PQ =b/(r Aw),
and then the integral of each term such as

@ D= [ty

can be expressed by means of 7" and Z, by means of the recurring relation
(6) (2n—1)¢"D,—(2n—2)(1+¢*)/D,,+(2n—38)D, ,=0,
starting with D, = F, D, = E/c".

Mutual induction of a circle and coaxial helix.

54. The III. E. I. arises in the calculation of M between a helix and a
coaxial ring; this has been carried out by Viriamu JONEsin the Philosophical
Magazine, January, 1889; Philosophical Transactions(1891); Pro-
ceedings of the Royal Society, December, 1897 ; consult also WEBSTER,
Electricity and Magnetism, p. 457 ; MASCART and JOUBERT, Electricity (trans-
lated by ATKINSON); and GRAY, Absolute Measurements in Electricity, volume
II, p. 313.
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It results from the form of the integral that M is the same as between the
ring and a uniform current sheet in a coaxial cylinder replacing the helix, in
which the linear helical current vy, and the superficial current ¢y across unit
height of the cylinder are connected with p the pitch of the helix by the relation

@) ¥, = 2mpry.

For if IV denotes the number of windings and ® the total angle of the helix
of height b,

(2) Ny, = by, where ®=§, N=§r=_2%'

The potential of this current sheet has been worked out by MINCHIN in the
Philosophical Magazine, February, 1894, as being the same as the poten-
tial of a cylinder magnetized longitudinally, or of two end plates of the cylinder,
positive and negative; the expression for the potential of a plate has been cited
already in § 43 above.

We notice now that M is the Stokes function of the two end plates, or of
the cylinder magnetized longitudinally, and that Mqy,/2wA is the magnetic
potential in the plane 0z at a distance A from the axis of the cylinder mag-
netized transversely parallel to this plane with intensity ¢; and denoting this
magnetic potential by Q'y, and by W the potential of the solid cylinder,

(3) é{—i’i=ﬂ'~y or Mp = AQY;
alu —adcos0dfdz 2 ., b
(4) A= —4%7 _ff = —adcon0d0 e g,

the first integral expression given by Viriamu JONES, employing his notation of
o? and a® 4 2% for M) and P )*, but using z instead of x, and changing his ¢
into 7 — @, to agree with the preceding treatment.

The result for Mp is the same whether 2a denotes the diameter of the helix
and 24 of the ring, or vice-versa as with Viriamu JONES, being symmetrical in
aand 4.

Integration by parts enables him to replace (4) by

27 g% A% sin’® 0 d6
(5) An_f :1/(;+b2 _%f(—aAcose—}-az)PQ—%(a—A’)Q(MQ),

integrals discussed already in §§ 83,49 ; and (5) is the equivalent of the double
integral

2 o2 42 sin? 6dO0dz ™ 2a,2 d0 dz
®) ag= [ [T = [ [

showing that the magnetic potential Q' at P of the cylinder magnetized parallel
to OM is the same as that of the surface magnetized circumferentially with
intensity a sin 6.
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It is the second form (5) which is reducible immediately to the standard
elliptic form, and by the substitution in §§ 26, 49, writing

) MQ*=o*= A+ 24acos 0 + a® = m* (1 — t),.

8) P =a+b=m?(t,—t),

9) V¥=m*(t,—7), (a~AP=m*(t—1t), (a+AY=m*(T—1¢,
and thence from (5)

“ dt
- [T
pM=AQ’=mbf(t_t3+.,._tz__"'—:g'_‘rt—ts) ‘;th
1) =rlb[ l/(tt—_tt)‘/T ::fo/(t—t)dt

\/‘r—tz-'r—ts /(=T dt
TN =Tt — 8, Tr—t vTJ)
Hence, on fig. 4,

t,—1 b T—t a—A4
\/t_t_;=sm1[r, \/tl—t§= ; = cos Y,

2

(12 ,
\/I;t3=a+ =GOS\If'=A’\P‘, \[r=am2fF',
t,—1, r
so that
13) pM=rb|[F — E + F¢'* cos  — cot yr cos ' B(2fF")] .
M ' ’
(14) rl—®=F-—E-—cot\[rcospr(1—2f)F,

the equivalent of Viriamu JONES’s result in (6) p. 198, Proceedings of
the Royal Society, 1898.
We shall replace his angle 8 by ~ to avoid confusion with MAXWELL’s

modular angle 8, and then

n —Ar A
15) fimem (L= P syl = ¥ =0T 0 v = 0

so that the angle Y, is constructed on fig. A by drawing the circle on the
diameter A M cutting the axis OF in G, and then drawing OP, perpendicular
to the radius GO’ of this circle, then the angle OAP, or OGO’ is ;.
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55. With the notation of § 47, equation (5) § 64, is written

bdé
PQ’

(2) 2AQ.’+(az—AZ)Q(PY)=f(a2—aAcosO)ITQ-—(az—-A’)I3

1) 240" 4 (e —AZ)Q(MQ)—f(a — ad cos 0) 22

and in a complete revolution of 6 from 0 to 2,
T MQ + o* — A* bdo dé a®— A* bdb
Q(MQ) = f — e B A= bf
o OTL e Pe HY PQ
= 2F;)- + 2B(2fF’) = 2Fc sn 2fF"' + 2B (2(F")
1

equivalent to the result in (10) § 49.
Also I, vanishes in a complete revolution of 8, and from (16) § 47,
Q(PY)=®=4B(fK"),

so that
, — 2 bdd
240" + 4(a®* — A*)B(fK')= f (a@* — a4 cos G)PQ
4) \
_8a bK+ 2b(r, + r,) (K — H),
7'1 + 7
in which
2
(5) @ _ 1 _anyr,

r+7, cho
6) pM=AQ =b(r,+r,)Kdo® fK' +b(r +7,)(K — H)
—2(a’ — 4*)B(fK),
in the form given in (5) § 44, the quadric transformation of (13) § 54.
This again, by means of (2), (3), § 17, can be transformed into
(M) 0 +M o= K—H+ o gfg

In the indeterminate case of 2f=1 and C'(1 — 2f) K'=o0, we have 4 =a;
but returning to the integral in (10) § 54, and putting 7 =¢,,

CO(1—2r)K".

8) pM= AQ’=%§f(tT/t;,)—dt=bml/(tl—t3)(F- E)=rb(F— E),
®) 1 (F—B)=(r, +1,)(K— H+kK),

and this is the coefficient of self induction of the helix on a final turn of itself.
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Numerical calculation of the mutual induction.

56. The numerical calculation of M for given dimensions @, 4, b now
requires the five operations following, in the numerical tables of F. E., vol. II,
LEGENDRE, and it is useful to check the calculation on fig. A, drawn to scale.

I. Calculate 4 and 4 from

b , b
(1) tan\[r=m, tan\[r =m;
and then ‘
r,=(a+ A)secy’, r,=(a— A)secy.
II. Calculate yr, and the modular angle « from

. cos sin Y
(2) sm\[rl=?s‘—\ll;, 00s«y=-s.m—i.

III. Calculate /by LEGENDRE’s Table IX from

(3) 2f= F(‘P" c') 1 — 2f= F(‘P\l’ c/)

F(gmr,c)’ F(gm, )
IV. Calculate zn (1 — 2f) F'* by Table IX from
@) m(1—2)F' = E(B, <) — (1— %) E(3m, ).
V. Look out
b) F=F(3m,c), E=E(}m,c).

When f is one of the rational fractions of (1) §4, we can express ¢, ¢,
sn 2fF", zn 2fF’, ..., as algebraical functions of a parameter, leaving F* and
E as the only transcendents, and these are tabulated by LEGENDRE in his Table
I to an extra degree of accuracy.

In the numerical application of Viriamu JoNEs, Philosophical Trans-
actions (1891), Proceedings of the Royal Society (1897),

2a = 21.02673, 24 =13.01997, 2b = 5.02480 (inches),
a— A =4.00338, a+ A=17.02335, b= 2.51240;

and working with four figure logarithms we find Y = 32°3’, ¥ = 8° 24/,
y="T4°1, ¥, =58°58; or to the nearest degree, y = T4°, ¥ = 59°, thus
avoiding proportional parts in Legendre’s Table IX; F = 2.70807,
E=1.08443, and F" =1.60198, E (¢, ¢)=1.04123, 1 —2f = 0.6500,
S =0.1750, mf = 0.64985, E’'=1.54052, (1—=27)E" =1.00134,
By, =1.01847, zn(1—2f)F' =0.01718, Fzn(l —2f)F = 0.04638,
A1 —2f)F'=0.5034T7, cot Y cos v A(1 — 2f) F'=0.7962, F'— E = 1.6236,
M[r,® =0.8284, ® = 201w, »r =17.21, M = 9001 inches, as against 9028
inches, given by Viriamu JONEs.
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This rough calculation is retained for the purpose of showing the term requir-
ing extra calculated figures, compared with the parts where fewer figures are re-
tained for the same degree of accuracy ; thus of the three chief terms of M/r ©,
the first /' — £ =1.6236 is about double the second 7/ cot 4 cos Y = 0.8638,
while the remainder cot Y cos ' F zn (1 — 2f) F'' = 0.0734.

. The modular angle must thus be determined with extra accuracy for the
determination of #'— F'; and in this case raising the modular angle by one
minute to 74° 1’ will make /' — F = 1.6258, and raise M to 9024.

A diminution of 0.1 per cent. in f in the second term will raise M about

0.05 per cent. to about 9028.5, without affecting the last term appreciably.

Variation of the induction due to change in the dimensions.

5T7. Viriamu JONES calculates the effect of small error of measurement
dA,da,dbin A, a, b in giving a change dM in M, such that

oM\ dA oM\ da oM\ db

so that 1 per cent. change in 4, a, b gives a change in M of

0 A oM a OM b oM.
@) 100 54° 100 84’ 100 @b’

and their sum is M/100, because M is a homogeneous function of the variables
A, a,b,and of the first degree, the total helical angle ® or number of wind-
ings ® + 27 being kept constant. But if the pitch p of the helix is kept con-
stant, M is of the second degree in 4, a, b.

Differentiating the double integra.l expression for M in (4) § 54,

Aa cos ﬁdedz

and supposing the limits of 6 to be 0 and 2 in the sequel, we have

BM ) —acos0dfdz O (A + acos ) Aacos 0didz
ff V(e +2) Z?ff CEX ’

+Aacos8) Aacos 0d6 _ @Azfa2+a_4 cosekld()_
aty (a* 4 b%) - M PQ’

©) 4 —m+ ®f(A2

and similarly

oM (Aacos b + a*) Aa cos 6 d6 ad cos @ + A d_0
© ag =ve [y e [ b
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so that
dM aM — aA cos 0d0
™ e tAqz =24-® | —pg >
while, keeping ® constant,
aA cos 0d6dz

(8) bM—®ff 1/((1’—!—22) ’

aMm — aA cos 0d0
(9) b '% + M = @ T’
and then

dM clM am

(10) as-+ A +b =N,

a verification of the homogeneity. Also

1 dM 1dmM sin
(ah 474 adu—ngQ—4F“=4F >
. 1AM _1dM_  (a—4* 30 _4B(YF')
12) dad—ada =) g po= 5
1aM 2 4B(fE"
(18) 774 =, [ FmYF + BF)] = B
LM _2 . , $4(1— f)K’

and we see now that the conditions are satisfied that this M of Viriamu JoNES
is the Stokes function of MINCHIN’s pair of end circular plates of density
v = == 1/2mp, corresponding to a helical current ¢, =1, and

aM aM dM
(15) 2M_“d +AdA+bdb+M

(16) pM = — 20 A(1— f) K + 24% B(fK') + b(r, + r) (K — H),
in agreement with (6) § 65 above.

58. Thus the magnetic components for the helical current ¢,, axial and
transversal, are, for magnetic potential Q,

a0 v, dM

@) BT oA dA " —4yB(fK') = — y(21f + 4K m fK),

aQ Y., aM fy 2m — g A cos 6d6

dA = %rd db = T PQ

@) .
+ 7, JK—H K—H
= dy g (K= H) =y & fR == =y gy = o
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With b = oo we must take ¢, = co, and the integrals in (10) § 54 reduce to

g, —t-t —t, dt
T—t V(& t,—tt—t)

3) pM=AQ =m? f

2]

o, T—1t,T—1, dt
_.mf<t—-t3+7""tz T—t )1/(4‘t2—t‘t—t3)

=m2[t2;t3+'r-—-tz—l/('r-tz-'r—ta)]}'lr

*)

with
®) tad=m(t,— 1), (a~AF=mi(r—1), (a+AY=mi(r—1t),

so that
(6) pM=7A*(4 < a) or wa’(A > a).

Otherwise, with b = oo in () § 54,

L q4%sin? 046 ..
o) pM=AQ=£ o tad e g = ™A or ma,

employing the substitution of § 26.
Thus for the infinite helix, in the plane of the end AB,

( ) ab P Ty or o,
and at M or M,
dQ K — H
9) A=Y ‘kl 'oor 4y(K —H),
oM o4
(10) kl:m or —O-F.

Thence by subtraction, for a helix extending from b to infinity,

) 2 —tya (),

= a2

(12) L=t

1

with 2/ =1, according as 4=a.
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Potential energy of two couxial helices.

59. There remains still the evaluation of the potential energy of two coaxial
helical currents or of their equivalent cylindrical current sheets, given by V.
JoNES in §138, p. 202, Proceedings of the Royal Society, 1897, and
this is the same as the mutual potential energy of the two pairs of equivalent
end plates. Viriamu JONES shows that this energy depends on the integral

) F(z) =‘%f" cos 0467 (2),

@ s@=stog| (145 )+ 2] v re=[1gy(145)+%]:
2r _ Aa cos @

3) F(z)=]l[z+.£

and the second term in #(z),

3t dt
£(2t_tz—ts)(t1—t)7f
m At

m
= t,—t-t—1 Td T
=5 J(w=rtmn vy r)

the same integral as for G in §32.

But it is the force between the two helices which alone is required, and this
is given by dF(z)/dz, or by the change in F(z) due to a small relative axial
displacement of the helices, and as this is equivalent to the removal of a circu-
lar element from one end to the other of a helix, this force depends only on the
difference of the values of M between one helix and the two circular ends of the
other helix; and this is calculated by the preceding analysis, which gives the
value of M as a function, say M(b), of b the height of one helix say of radius
A, when the ring of radius a is in the plane of one base of the helix.

When the circle is at a distance z from the mean section of a helix of height A

5) M=M(z+3h)— M(z—3}h);
and since M(—z) = — M(z), this makes M = 2M (}h), in the mean section.

The hydrodynamical analogy is complete, M/ being the Stokes function, and
V(z+ 3k) — V(z — }h) the velocity function, V(z) denoting the potential of
a circular plate, due to a uniform distribution of source or sink over the plate,
thereby producing a streaming motion circulating through the helix, a line of
flow having M = constant: thereby we gain a physical conception of the lines
of magnetic force inside and outside a solenoid.

MaxweLL’s figure XVIII can be utilised by the method of superposition for
drawing these lines when the ring is made to expand into a cylinder by pro-
gressive axial displacement.

dov(a® +2%),

*)
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Exploration of the electromagnetic field.

60. The exploration of the electromagnetic field of the ring current is given
by MAxwELL, E. and M. § 702, and in fig. XVIII by drawing the twelve sur-
faces Q = 2=f, taking

(1) f=(0’112’3""a 11, 12)11‘2‘;

equivalent to direction at the ring on a clock face at B, for every hour and half
hour from XII to VI, and again from VI to XII.
Any surface Q) = 2mf will cross the axis Oz at a point H such that

OH_ 1 2nf

(2) sin\[r=sin0BH=ATB —g;;:l—f,

so that / is determined geometrically by drawing a circle center 4 and radius
(1 —f)AB, cutting the circle on diameter AB in ', and joining BH' cut-
ting Oz in H.

Thence at O, where f=1,

the galvanometer constant for the ring.

Practically we need only draw the surfaces from /= 0 to }, or between XII
and IIT o’clock, as the remainder from III to VI can be inferred by the theorems
in (25) that OM - OM’ = OB for points P, P on a line through B.

In another method of exploration we can utilize the analytical results given
in Philosophical Transactions, 1904, and determine the value of Q, V,
and M in §§ 34, 42, 43, 44, 54, when 2/ is one of the simplest rational fractions,
such as

211 1,3 11
(3) 2f=1’ g’ §? —3-,,_4_’ 5, 85"‘-

In this method it is simple to work with the elliptic functions to modulus ¢’
and argument 2fF" and to use the quadric transformation to obtain the result
to argument fK’, if required.

A curve along which 2/'is a rational fraction is an algebraical curve, passing
through A4 at an angle s with O, and having Oz as an asymptote.

We proceed to trace a few of the simplest, and for this purpose it is useful
to employ a stereographic chart with poles at 4 and B, and center of projec-
tion the antipodes of O, in which case, as in § 25,

4 k= tan A = th a, ¢ = tan (45° — I\) = e~
3

A denoting the latitude, the angle #’OL on fig. 4.
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Exploring the values of &, V, M at the principal divisions of the clock face:

XII o’clock, f=0, b=0, =0, w=ak=a———}lz’
E+dF
Q=2r, V=16a7_-~, M=0.
VIo’clock, f=1, b=0, \[r=7r, w=%=aiizn

Q=0, V= 16aE'"°f, M=0.

Il o’clock, 2f=1, Y=3im, =x=a, z=2ai, siny'=c, Yy=2am}iK’ —3im,

Q=7m—-2F, V= 4a1—7—1rz_z(2H ), A[—. 2aF_E=zF_,E,
c c e c c
on reference to (9) § 55.
II o’clock, 2f = %; and (see Philosophical Transactions, 1904, page
261) in region B,3>p>1,

_@=1P(+3)  a_(p+1P(=p+8)

16p i 16p ’
ZH%F,=§'E—1)VP’ zn%ﬁ" 36p1/10,
co:s«[»=cn§17"—1—);-—1 cos«p'—-dug’*"—z—’——l- secyr —secy =1
—p+1' - 4 - 2 9 b

along the curve, analogous to
¥ + ¥, or tanr + tan+y’, or cosyr 4 cosyY, .- a constant,
a circle, or parabola, or magnetic line of force, - - - in biangular coordinates ¥, ¥ .
2
p+ 1

. o r__ £_+1'—p+3 "’ 9 p
31n‘I"_csn§F—\/ 5 zn 3} F = =Zyp"

I o’clock: 2f =}, sinV=sn}F =

L.30, 2f=3%, Y =amiF", sin'\}r=\lli+c, sin Y = /(1 —c¢),

22 2?

(a—=)" (a+=)
miF =}(l—c), Q=§r—F(1l—c)—2Fy(l—c).

tan?y —tan? ' = 1,

=1,
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XII. 45,0r I1. 15,2f= } or § (Philosophical Transactions, page478),
1
1>p>y2-1, l/c=%(1_,"'}’)9

, 149)3%(1— 1+ 14 2p+ p?
cos? ¥’ = dn?} B = p‘)lp( =P) gy B2 - p+r')
4 A+2+3p)(=1+2p+p")
2 — 4
A S S ¢ B i 16p*
and a change of p into — 1/p will change 2f from } to .
XIIL 86, I. 12, I. 48, II. 24; 2f=1, 2, ¢, 4, and the results in Philo-

sophical Transactions, page 264, to be consulted.
XII. 80, II. 80, 2f =}, &; consult page 283.

61. In an apparatus constructed by Professor AYRTON and Viriamu JONES,
24 =8, 2a = 18 inches ;
and then for the height 5 we shall find in correspondence with 2f,
2f| o b b b % 11

b0, 1.36, 1.47, 2.57, 4.59, 9.79, co.
For if
A2

a’ —
@ 2f =%, b= 9/(ad)= 2.574,

— A4\2 . )
(2) 2f=3%, (2—4_—?4)=c' s (1 =2/ )F' = (p+1)glpp+3)

’

a—A~ -1

21yad -1
®) o=t og—dmiF =ToS, p—2048,

p=28322, 0 3R = j—‘/?.’. b— 4.593,

2
V(p—1-p+38)°

. , 4aA 416 (1 +p)*(1—p)
() %=1, dn® 1 F “(a+ Ay ~ 441~ 1 )

a quartic for p having a root p = 0.43 and making

b ’
m = tn %—F = b == 1.471,

2
c=1 Gp_p) =0.719, ¢ = 0.695,

cos? Y’ = dn? § F' = 441¢* = 0.547 (W =43°),
b= (a -+ A)tan ¥ =9.79.

Trans. A . Math. Soc. 36
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Similarly for 2/ = }, b = 1.364.

62. To determine the proportions of the apparatus when the modular angle vy
is raised to 76°, and we take 2 = %, as in fig. A, we put

1¥(p+ 38 o 243
ey, o= (2= 1)6;” ) _ sint 750 = 2+ V3 ST,
of which one root is p = — 3/3, but this root leads to
(2) m}F=138—-1, dn}F=3y2.
But with the other real root,
(#2+1) (#241\_

®) p="""73 va 1 ) = 2948661,
4 cscy=sn}F =3}(p+1)=1.97433 (¥ =30°2¢),
) sin1[r’=c’sin\[r=\/£i%=0.l3l9 (W =),
(6) sin«[f1=sn§F’=% (¥, =60°26),
) cosY, =dn3F =3(p—1)=0.97433 (¢{=13°13’),
9) zn(1—2f)F'=zn§F'=%(3p*-—p3),

M p—1l-p+3(m . 8pt—pl
10) 1'1_®=F_E_—4—1—/p—(3——F 6 —-),

(11) F=2.768063145, £ =1.076405113, F — E=1.691658032.

These angles are contrasted with those of the apparatus of Viriamu JONES in
the table following.

2f 3+ =033 0.35
sin~lc=¢ 75° 74° 1’
sin~'k= g8 36° 4’ 34° 36’

¥ 80° 26’ 32° 3/
' 70 84’ 8° 24’
v, 60° 26’ 58° 58’
¥y 18° 3’ 18° 86’
Ala 0.63196 0.61921
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63. If the windings of the helix are not complete, or. if the current is consid-
ered through a fraction of the circular ring, the theta functions are required or
the pseudo-elliptic algebraical III. E. I. can be employed for a rational value of
the fraction f, the simplest cases of which will be found worked out in the
Philosophical Transactions, 1904.

Lord RAYLEIGH has shown, in a Report to the British Association
(1899), that all error in extreme cases of this assumption as between two coaxial
helices is eliminated by taking an average for different symmetrical positions.

One object of the present memoir is to see if by a slight change in one of the
dimensions of a helix, say the height b, designed for the experimental determi-
nation of the ampere, it would be possible to make 2/ one of the rational frac-
tions given above, and so simplify and check the numerical work.

Or we may construct the apparatus so as to make the angle  in fig. 4 or
B in fig. B an integral number of degrees, so that the value of #' and £ or
K and H can be taken out of LEGENDRE's Table I and IX without use of
proportional parts, and utilise all the decimal figures.

Potential and Stokes function of a solid coil.

64. To solve Coleridge FARR’s problem for a solid eylindrical coil, we have to
determine the potential W and Stokes function P of a series of coaxial helical
currents or equivalent cylindrical current sheets filling up a solid cylinder, inte-
grating with respect to the radius the expression for a cylindrical sheet.

It is simpler to determine W for a coil stretching in fig. 4 from the plane
AB to infinity on the right, as this is equivalent to integrating over a single
circular plate AB of superficial density y = v,/27p (qualified as shown in (8)
by the factor @ — r, r referring to any internal radius O¢)), the influence of
the other end plate at infinity being insensible.

In §48 we have found for the potential ¥ of the plate A B of unit density

. av _ a

the equivalent of d* W/dadf, and integrating by parts with respect to a,
aw a
@ - f(PQ_PO)da_ 4 cosafmh—ll—omda
=(3a+34cos0)PQ —(a+3Acosb)PO

— 2th? —3b* 4 aA cos 6 + § A% cos 26).

a 2
pg+ PO
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Integrating again with respect to 6 from 0 to 2, the term

a

is not an elliptic integral, and so considered intractable, like the integral (2)
in § 53, to be denoted by Z,; but
b? s 22y 40
faAooso-2th POt PorPol= f(1~PZ2)(aA s 0+ 4*+¥) 75
@) —a]/(A2+b’)f(1—PZ2)d0

=f(aA cos 0+A2+b2)a;—z + ab[(2m — Q(PZ)] — 2may/ (A? + B?).

sin® 6d6
PQ
dé .
F (A4 b"’)f(a + 4 003 0) 5y — by (424 5)0,(PZ),
so that W is composed of
6) (30*—314*I, —ab[27r—Q(PZ)], by (4+0)0,(PZ),
and I. and I1. E. I.’s, amounting to employing the theorems of § 33,
3(11 E'

fAz cos 20 - 2th-! 46— — ad?

T PO
)

~—(a — A*— 138

W= (b"—3A*)1—2ab[ 27 — Q(PZ)] + by (4°+ 0*)Q (PZ)
(M
+ %—Ii (a* — A% — 130?) + 3ar, E.
1
The potential W may also be considered due to the circular plate 4B, sup-

posing the density at any interior radius O@Q)'= r is @ — r; and then, expressed
as a double integral

®) _ff(a—r)rdfrdﬁ,

d
9) f f rdrdf = potential of the end plate of uniform density

=f(a’+ aAcosG)%,Z%——b [2r—Q(PZ)],

aw —(a—r)(rcos @ + A)rdrdb
w [t
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aw — (a —r)rdr-bdf
(1) T T e
and
aw aw aw

the homogeneity condition of W, of two dimensions in length.

65. Other double integrals required in the calculation are

@) 2r — Q(PZ) =ffrd;$,‘fe,

the apparent area or normal attraction of the disc 4B ;

@) 0,(PZ) = ffl/(Az-i- b*)dr- bd0,

-f15

the intractable integral (3) § 64 which is the potential of the disc 4B, with
density !

2
ffrcosﬂdrd@_ff(r+Acose)cose—Acos edrdB

PQI3
1 1 Acos’8fa+ Acosf Acosb
g/ (4*+ %) cos 0d6

=4) Pg~ b Q(PZ) + vy (42 + )

from (17) § 47, and the third integral vanishes ;

O [[Fg =r-ufper T acra,

Pz

1dW Vb
©) § g5 =T 2fPQ+ ( )a,(PZ)_—[zw—Q(PZ)],
aw AW AW
0 AGg = W, —bg
— A4 3b (A4 B)Q,(PZ) — “f(az_Au 88%) +ar, E,

P dw  dP aw
®) =" A=t g
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66. The Stokes function P can be found by an integration of Viriamu
JONES’s M, but an infinite constant comes in when the coil stretches from b to
00; so returning to a coil extending from 0 to &, or from A B to the parallel
plane through P,

&P  dpM a*A%sin’6 b

1) dadd= "do = M@ PQ’
and since
(2) =M@ —2Acos0(a+ Acosf)+ A%cos 26,
——_A sm’beda—2A’sin20c080fa+_£[45fso3‘5%
. 1 bde
® + A?sin? 6 cos 20[71‘.7@—2—1—3@
a

=A% (1—cos 26)th™! +2A43sin* 6 cos 8 (th— PTQ —th™! b )

PQ PO
— A3 sin 0 cos 26 [I2 — tan™! (%9 tan 0)] s

where 7, is given in (7) §47, and the integration of this term by parts with
respect to 6 will depend on Q(PZ)and Q,(PZ); and P is thus composed of
3A4%b1 and 1., II., and III. E. I.’s, which can be evaluated in the preceding
manner.

The intractable integral

4 I=|2th-— %  qo— [ th- 1“+A°°sed0_ th- lAcosfde
PQ+ PO

of which the second integral vanishes.

Putting (@ + A4 cos )/ P = sin ¢, so that ¢’ is the angle between P O and
PZ, and drawing the curve on the Mercator chart connecting latitude ¢’ and
longitude 6, the area will represent 7, as before in § 53 for 1.

For a flat coil in the plane A B,

— 2'rrA'r cos 0 drdf
®) P= ff ,
dP 2 .
®) Gg=—2m4c0s0(PQ— PO)+mA(1+cos20)th™ 5~ —55,
so that

™ P =3}mwA*T and 1., 1L, and 1II. E. L’s.
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Legendre’s discussion of the oblique cone.

67. The method of discussion by LEGENDRE of the surface of the oblique
cone in his Fonctions elliptiques I, p. 329, may be resumed here, because his
®, the angle of the sector of the developed surface, and  the conical angle of
opening of the reciprocal cone are connected by the relation
@) P+ Q =2,
so that one calculation implies the other.

P
A B OCM A B o’
Fia. C.
Y
q
- 1
A’\ o M 1 |B’ c’
Y
\_/ Q
Fi1a. D.

Adopting LEGENDRE’s notation for his oblique cone on a circular base, figures
C and D, and considering it as the reciprocal of the cone discussed previously
in figs. A and B, then PM the perpendicular from the vertex P on the plane
of the circular base A B making an angle A with P C the bisector of the angle
APB, and the edges PA’, PB’ of the reciprocal cone making an angle A’ with
P C, and putting (LEGENDRE)

(2 AO=OB=r, OM=f, MP=h, PA—a, PB=d,

h -
3) sin PAC=sin(N+2) =2,  eon(N+2)="=7,
. . , h , r+f
4) smPBC=s1n()\-—7\)=a, cos (N — )= pal
2 __ 2 2
(6) cos 2\ = f,+h, sin27\=2-_fi,
aa aa
_f2__ 72
() cosov =" = g 2R
aa aa
. ., h(d+a) . , h(d—a)
) cosAsin N = —5-——, sin A cos A = Tt

tanA o —a
8 b
®) tan A a4+ a cos 6,
in LEGENDRE’s notation.
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If Pgq is the generating line of the reciprocal cone perpendicular to the plane
PQY, making an angle B with P M, and ¢ denotes cos 40¢),

MY r—jfec sin 2\ —cam2)
(9) cOt’B:—P]l[= kT cos2n—cosA ’

cos B cos 2\" + sin B sin 2N = cos (2N — B)

10) o, .
= cos B cos 2\ + ¢ sin B sin 2\" = cos J,

if 8 denotes the angle between P ) and P>M’ the perpendicular on the other
circular section of the cone in fig. D ; so that

(11) B+ B =2x,

or the sum of the angles which ¢’ makes with PM, PM’ is constant, and
these are the focal lines of the reciprocal cone in fig. 4 ; hence the fundamental
property of a sphero-conic.

68. LEGENDRE denotes the angle of the sector AP () wheu developed by P,
and the angle 4 0@ by o, so that

1 PQdd = PY rdo,
PY? rde
@ °= [ pg rr
and, writing ¢ for cos w,
3) PQ=r—2rfc+f*+Hh, PY*=(r—fc)’+A.
The angle QPY is the ¥ of LEGENDRE, and to reduce ® to our form, put
P r? — 2rfc + 2 + A
2 —_— Y 2 - J Y J P
4) m(o-—s)_Pyz_sec ‘P—~—(r—fc)’+h2 ,
Qr: A —¢)
(5) m2(82—8)=P~Y—2= ta,n2 =(7_—‘fm,
(6) m?(o —s,)=1.
Then, as before in § 29,
’ ’ — /— 2
(M m2(81—8)=o;; coszx((a + a)2P§z a)c-)’
’ ’ — / 2
®) m2(8—-83)=%sin27\<(a L) Lt “)).
Putting s =s,,¢c==+1,
m2(81—82)=(;;—00827\., m”(sz—-s3)=%sin27\,
9) , 2
a

m2(81—83)=—}?2—, m4(31—82)(32_-33)=ﬁﬁ
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(10) sinzx=zf__§3=k2,
17 s
so that A is the modular angle,
(11) mz(sl—o')=€;izcosz7k—-1 =a;; cos?\,
(12) m* (6 — 8) = prsin® A+ 1=z sin?,

(13) iy (—2)=3.
Again from (11) §67,

tan (B —A')=tan (M— B')=tan (B — B')

(14) ccos Asin M'— sin A cos A d+a)ec—(d—a s —s
= tan A =tan ) 2
cos A sin A'— ¢ sin A cos A’ +a—(a—a)c 8—8’
so that as before in § 35,
_ fhde _ _1\/3—33_ ds
R O ) N 4 G e
16 rdo — rdc _ — frde __r ds
1) pr=pPri—c) " PPrrmy(s=s)~ kmy8
_(ro—s,rds (}V(—Z) ds
(17 ‘I’—fs c—shy8=J) o=s Vs
We notice now that in LEGENDRE’s notation, with
a —a
(18) c030=m, and tan o = tan 30 tan 14,

equivalent geometrically to a change from the excentric anomaly w to the true
anomaly ¢ in an orbit of excentricity cos 6,

(¢’ +a)e—(a'—a) cosw—cosf

(19) o Fa—(a —a)ec 1_cosa)cost9—cos¢>s
s — 8 cos ¢
(20) \/___ta,nKCOS¢, g‘;; = A

and the elliptic functions here are a quarter-period out of phase with the pre-
ceding in § 26, and

(21) ¢=am(l—-7)K.
Also
2 ’ _ _ 2 o
(22) en® fK _CTs8 =8 K 1 l4aa — sin’ 0,

d’fK' " o —s, 8, —s, ad sin?A’cos? A (& + a)
so that
(23) =am(1—f)K'.
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Stereographic projection of confocal sphero-conics.

69. Describe the unit sphere with center P, cutting the focal lines PM,
PM' in A, B and P’ in C, so that in the spherical triangle ABC (fig. £)

@ AB = c =21, BC+CA=a+b=B8+8 =2\,

and the locus of C is a sphero-conic for
constant @+ b or N or f, the orthogonal
confocal sphero-conics having ¢ — b or A
constant.

Projecting these confocal sphero-conics
stereographically on the tangent plane at #',
the middle point of 4’ B, where the spheri-
cal triangle A’'BC is colunar with ABC,
and putting CF =6, CFB =, we can
put, according to BURNSIDE, Messenger
of Mathematics, vol. 20 (1891), p. 60,

2) tan}fe¥* = /¢’ sn (v + ui, ¢’) [¢/!=tan} (7 —e¢)],

and obtain the orthogonal system of curves given by HoLzMULLER in Jsogonale
Verwandtschaften.
Here FA = 90 + }c, FB =90 — }c,

cos @ = cos 6 sin }c + sin 6 cos }c cos ¢ cos b

3

®) = — cos 0 sin }c + sin @ cos }c cos ¢.

(4) 2 cos 6 sin }c = cos @ — cos b, cosﬂ=sm%(b_;l)ls;z%(b+'a).
But, writing w, w’ for v = ui

%) tan 30 = ¢’ sn w sn w’, cose=1—csnwsn'w

14+c¢snwsnw'’
1—c¢' sn®v 1+ ¢ sn’ui
1+4c¢sn’v 1 —c' sn’ws’

(6) cos 6 =

so that replacing v and u by f#’ and AF', and employing the quadric trans-
formation,

dn fK’
(7) 0080=m7bf1:,
(8) sin (b + @) =dn fK’, cos 3(b+a)= K snfK',
sin}(b—a) 1 cn 2hK
®) snje  — @2k amgig— (12K,
(10) sin }(b—a)=Ksn(1l—24) K,
(1) cos}(b—a)=dn(1l—-2R)K,

(12) k = sin }c, k' = cos }c.
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Thus 4 = } makes a = b, and the stereographic projection of the great circle
GH is a circle, the coalescence of two branches of a quartic curve in Horz-
MULLER’s diagram.

From Narier’s formula
cos}(A—B) tani(a+0d) dnfK’ 1
cs}(4d+B)~ tange  «snfK  e(1-f)K’
we deduce

13)

1—ca(l—f)K'

(14) tan%Atan%B:l-{-cn(l—f)K"

and from

) B AT g = ()& =K
we deduce

(16) tan } 4 <+-tan } B = :—-—_;—gg;:%,

@ tan”%A=i:zzgi:§;‘iIz2§Z’

(18) end= 101(:11?{ .)J)c:fzhh’ tin d = 0 (Ij—c)fs;cihzh’
(19) tan’%B=iIzzg:§;'iing_z’

(20) cos B = lci( :n?if l;)c :fg%’ sin B= c(nl (I{)Jj;cihzk’
and so on.

70. If NV, N’ are the poles of the circular sections of the cone, or the foci of
the sphero-conics of the reciprocal cone,
tan }c
tan 3 (a + b)
and we find by Spherical Trigonometry
(2) cos ON, CN' = cos CE cos EN = sin CE sin ENsin CEA
and '

3) cos OF =

@ gin ZN = =cosf=cn(l1—S)K',

cos 3(a + b)cos}(a—Db)

=snfdn(1— 22),

cos %c
0 s BN = L m s —m (1),

(5) sin CEsin CEA= 1/ {sin 8 sin (s—a) sin (s—d)sin (s—c)}
sin 4c cos ic
so that

(6) cos CN, ON'= %”}f—f [dn (1 —2h)2ken (1—2h)] =sn 2fF"dn (3£h) F,

=cn fen (1—24),
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and
) cos OV cos CN' = ¢’ sn® 2fF’, a constant,
a fundamental property of the sphero-conic.

T1. If dA denotes the element of plane area cut out by consecutive quartic
curves,

8) dA=ccecnwdnwenw dnw'- F-dh-F'-df

and if dw denotes the corresponding conical angle,

¢’en w dn w en w' dn w’
(1 4 ¢'snwsnw)?

and putting w, w' = 3 fK ' =+ hKi, this becomes by the quadric transformation,

1 —%(dn*w—#)(dn*w’ Ic2)

1+% (1—4*)*do®wdno®w

9) dw =4 cos ¥10d4 =4

FF'dfdh,

dK=14 5 — 3 (1 + k)Y KK'dfdh
1 K snwenwsnw enw
( + dn w dn v’ )
2 (dn*w — &%) (dn' w’ — k*)

(10) KEK'dfdh

’ \2

T1 —kz(dnwdn'w'+klzsnwcnwsnw'cnw )
dnz(w +w')dn® (w—w')—
dn?(w — ')
2 1 kZ ’
—2 (dn PR — mi) KK'dfdh,
in which the variables are separated.

Performing the integrations between limits such that & ranges from 0 to 1,
and f from f to 1 and doubling for the whole conical angle 2,

¥ gk dfan

(11) [ [avfE KK 'dfdh= K[(1—f)H —mfK7],
ffdn,%K KE'dfdh = ff[l—dn2(1—2h)K] EE'dfdh
(12) =(1_f)1('f[1_dn2(1_2h)1(] Kdh

=(1-f)K'(K—-H),

so that
(18) Q=4(1—f)(KH'+K H—KK')—4K 2 fK'=2n(1—f)—4K zn fK’,
as before, for the complete cone ; but (10) shows that the apparent area of any
curvilinear quadrilateral, bounded by two pairs of HoLzZMULLER’s curves can be
expressed in the same manner by the I. and II. E. I.

Looking back over the calculation we conclude that the Stokes function has
the advantage in simplicity over the potential function, except for the case of
the circular ring of § 44.

1 STAPLE INN, LoNDON, W. C.,
January 14, 1907.



